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Supp ort V ector Learning

Bernhar d Sch• olkopf

Dissertation zum Dr. rer. nat. | Zusammenfassung der w esen tlic hen Ergebnisse

Inhalt der Arb eit ist das Lernen v on Mustererk enn ung als statistisc hes Problem. Eine

Lernmasc hine extrahiert aus einer Menge v on T rainingsm ustern Strukturen, die ihr

die Klassi�k ation neuer Beispiele erlaub en. Die Arb eit b ehandelt folgende F ragen:

� Welche \Merkmale" sol lte man aus den einzelnen T r ainingsmustern extr ahier en?

| Zum Studium dieser F rage wurde eine neue F orm v on nic h tlinearer Hauptk om-

p onen tenanalyse (\Kernel PCA") en t wic k elt. Durc h die Ben utzung v on In tegral-

op eratork ernen k ann in Merkmalsr• aumen sehr hoher Dimensionalit• at (z.B. im

10

10

-dimensionalen Raum aller Pro dukte v on 5 Pixeln in 16 � 16-dimensionalen

Bildern) eine lineare Hauptk omp onen tenanalyse durc hgef • uhrt w erden. Im Ur-

sprungsraum b etrac h tet, f • uhrt dies zu nic h tlinearen Merkmalsextraktoren. Der

Algorithm us b esteh t in der L• osung eines Eigen w ertproblemes, in dem die W ahl

v ersc hiedener Kerne die V erw endung einer gro�en Klasse v ersc hiedener Nic h tli-

nearit• aten gestattet.

� Welche der T r ainingsmuster enthalten am meisten Information •ub er die zu kon-

struier ende Entscheidungsfunktion? | Diese F rage, wie auc h die folgende, wurde

anhand des v or w enigen Jahren v on V apnik v orgesc hlagenen \Supp ort-V ektor-

Algorithm us" innerhalb des v on V apnik und Cherv onenkis en t wic k elten statis-

tisc hen P aradigmas des L ernens aus Beispielen un tersuc h t. Durc h die W ahl

v ersc hiedener In tegralop eratork erne erm• oglic h t dieser Algorithm us die Konstruk-

tion einer Klasse v on En tsc heidungsregeln, die als Sp ezialf• alle Neuronale Netze,

P olynomiale Klassi�k atoren und Radialbasisfunktionennetze en th• alt. F • ur Bilder

v on 3-D-Ob jektmodellen und handgesc hrieb enen Zi�ern k onn te gezeigt w erden,

dass die v ersc hiedenen En tsc heidungsregeln in ihrer Klassi�k ationsgenauigk eit

den b esten bisher b ek ann ten V erfahren eb en b • urtig sind, und dass ihre Konstruk-

tion lediglic h eine kleine, v on der sp eziellen der Kerne w eitgehend unabh• angige

T eilmenge (in den b etrac h teten Beispielen 1% { 10%) der T rainingsmenge v er-

w endet.

� Wie kann man am b esten \A-Priori"-Information verwenden, die zus• atzlich zu

den T r ainingsmustenr vorhanden ist? (b eispielsw eise Information •ub er die In-

v arianz einer Klasse v on Bildern un ter T ranslationen) | die Arb eit sc hl• agt

drei V erfahren v or, die alle zu deutlic hen V erb esserungen der Klassi�k ation-

sgenauigk eit f • uhren. Zw ei der V erfahren b estehen in der Konstruktion v on

sp eziellen, dem Problem angepassten In tegralop eratork ernen. Das dritte V er-

fahren v erw endet Inv arianztransformationen, um aus der ob en genann ten T eil-

menge (der \Supp ort-V ektor-Menge") aller T rainingsm uster zus• atzlic he k • unst-

lic he T rainingsb eispiele zu generieren.

genehmigt: Prof. J• ahnic hen





F o rew o rd

The Supp ort V ector Mac hine has recen tly b een in tro duced as a new tec hnique for solv-

ing v arious function estimation problems, including the pattern recognition problem.

T o dev elop suc h a tec hnique, it w as necessary to �rst extract factors resp onsible for

future generalization, to obtain b ounds on generalization that dep end on these factors,

and lastly to dev elop a tec hnique that constructiv ely minimizes these b ounds.

The sub ject of this b o ok are metho ds based on com bining adv anced branc hes of

statistics and functional analysis, dev eloping these theories in to practical algorithms

that p erform b etter than existing heuristic approac hes. The b o ok pro vides a compre-

hensiv e analysis of what can b e done using Supp ort V ector Mac hines, ac hieving record

results in real-life pattern recognition problems. In addition, it prop oses a new form

of nonlinear Principal Comp onen t Analysis using Supp ort V ector k ernel tec hniques,

whic h I consider as the most natural and elegan t w a y for generalization of classical

Principal Comp onen t Analysis.

In man y w a ys the Supp ort V ector mac hine b ecame so p opular thanks to w orks

of Bernhard Sc h• olk opf. The w ork, submitted for the title of Doktor der Naturwis-

sensc haften, app ears as excellen t. It is a substan tial con tribution to Mac hine Learning

tec hnology .

Vladimir N. V apnik , Mem b er of T ec hnical Sta�, A T&T Labs Researc h

Professor, Ro y al Hollo w a y and Bedford College, London



V o rw o rt

In teressan t an der Arb eit v on Herrn Sc h• olk opf sind nic h t n ur die fac hlic hen Asp ekte,

sondern auc h die un tersc hiedlic hen und sehr in tensiv en Kon takte zu in ternationalen

F orsc h ungseinric h tungen. Sie zeigen, da� der Autor so w ohl in der Lage ist, seine

Ergebnisse im wissensc haftlic hen Spitzenfeld zu pr• asen tieren und zu plazieren, als auc h

aus Arb eiten der \Comm unit y" heraus seine Ergebnisse zu en t wic k eln. Aus dieser Sic h t

l• a�t sic h auc h die fac hlic he Qualit• at der Arb eit ersehen.

Herr Sc h• olk opf un tersuc h t zw ei Grundprobleme der Klassi�k ation gro�er Daten-

mengen. Zum einen ist dies die Extraktion w eniger ab er relev an ter stark er Merkmale

zur Reduktion der Informations
ut, und zum anderen die Besc hreibung v on Daten-

b eispielen, die c harakteristisc h f • ur ein gegeb enes Klassi�k ationsproblem sind. Beide

Probleme w erden v on Herrn Sc h• olk opf so w ohl theoretisc h als auc h in Exp erimen ten

ausgiebig und ersc h• opfend un tersuc h t. So w ohl die in der Arb eit en twic k elte, sehr

elegan te Metho de der nic h tlinearen Merkmalsextraktion (k ernel PCA), als auc h die

v orgesc hlagenen W eiteren t wic klungen der Supp ort-V ektor-Masc hine b en utzen schwa-

che Merkmale und setzen sic h damit k onzeptuell v on der ob en b esc hrieb enen Philoso-

phie der starken Merkmale ab. Somit spiegelt sic h in der Arb eit gewisserma�en ein

P aradigmen w ec hsel in der Klassi�k ation und Merkmalsextraktion wider.

Herr Sc h• olk opf w ar w• ahrend seiner Dissertation ein gern gesehener Gast der GMD

FIRST Berlin, und es w ar eine F reude, seine Arb eit zu lesen und zu b etreuen. Ins-

b esondere freue ic h mic h, da� Herr Sc h• olk opf seine F orsc h ung in seiner neuen P osition

b ei GMD FIRST w eiterf • uhren wird.

Stefan J• ahnichen , Direktor, GMD FIRST

Professor, T ec hnisc he Univ ersit• at Berlin
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Summa ry

Learning ho w to recognize patterns from examples giv es rise to c hallenging theoretical

problems: giv en a set of observ ations,

� which of the observations should b e use d to c onstruct the de cision b oundary?

� which fe atur es should b e extr acte d fr om e ach observation?

� how c an additional information ab out the de cision function b e inc orp or ate d in

the le arning pr o c ess?

The presen t w ork is dev oted to the ab o v e issues, studying Supp ort V e ctors in high-

dimensional fe atur e sp ac es , and Kernel PCA fe atur e extr action .

The material is organized as follo ws. W e start with an in tro duction to the problem

of pattern recognition, to concepts of statistical learing theory , and to feature spaces

nonlinearly related to input space (Chapter 1). The paradigm for learning from ex-

amples whic h is studied in this thesis, the Supp ort V ector algorithm, is describ ed in

Chapter 2, including empirical results obtained on realistic pattern recognition prob-

lems. The latter in particular includes the �nding that the set of Supp ort V ectors

extracted, i.e. those examples crucial for solving a giv en task, is largely indep enden t

of the t yp e of Supp ort V ector mac hine used. One sp eci�c topic in the dev elopmen t

of Supp ort V ector learning, the incorp oration of prior kno wledge, is studied in some

detail in Chapter 4: w e describ e three metho ds for impro ving classi�er accuracies b y

making use of transformation in v ariances and the lo cal structure of images. In ter-

t wined b et w een these t w o c hapters, w e prop ose a no v el metho d for nonlinear feature

extraction (Chapter 3), whic h w orks in the same t yp es of features spaces as Supp ort

V ector mac hines, and whic h forms the basis of some dev elopmen ts of Chapter 4. Fi-

nally , Chapter 5 giv es a conclusion. As suc h, it partly reiterates what has just b een

said, and the reader who still remem b ers the presen t summary when arriving at Chap-

ter 5 ma y �nd it am using to con template whether the conclusion coincides with what

had b een ev ok ed in their mind b y the summary that they ha v e just �nished reading.
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\T o see a thing one has to comprehend it. An armc hair presupp oses the

h uman b o dy , its join ts and lim bs; a pair of scissors, the act of cutting.

What can b e said of a lamp or a car? The sa v age cannot comprehend

the missionary's Bible; the passenger do es not see the same rigging as the

sailors. If w e really sa w the w orld, ma yb e w e w ould understand it."

J. L. Borges, There are more things. In: The Bo ok of Sand , 1979, P enguin,

London.





Chapter 1

Intro duction and Prelimina ries

The presen t w ork studies visual recognition problems from the p oin t of view of learning

theory . This �rst c hapter sets the scene for the main part of the thesis. It giv es a brief

in tro duction of the problem of Learning P attern Recognition from examples. The t w o

main con tributions of this thesis are motiv ated in the conceptual part of the c hapter.

Section 1.1 discusses prior know le dge that migh t b e a v ailable in addition to the

set of training examples, and in tro duces the problem of extracting useful fe atur es

from individual examples. The tec hnical part of the c hapter, Sec. 1.2, giv es a concise

description of some mathematical concepts of Statistic al L e arning The ory (V apnik,

1995b). This theory describ es learning from examples as a problem of limited sample

size statistics and pro vides the basis for the Supp ort V e ctor algorithm . Finally ,

Sec. 1.3 in tro duces mathematical concepts of feature spaces, whic h will b e of cen tral

imp ortance to all follo wing c hapters.

1.1 Lea rning P attern Recognition

Let us think of a p attern as an abstraction, de�ned b y a collection of p ossible instances

suc h as sample images. When trying to learn ho w to recognize a pattern, w e face the

problem that w e will often b e unable to see all instances during learning, y et w e w an t to

b e able to r e c o gnize as man y as p ossible. The extensive notion of a pattern that w e just

in tro duced already suggests a sp eci�c approac h to the problem of pattern recognition:

a statistician tries to collect a large n um b er of instances, and use inductiv e metho ds

to learn ho w to recognize them.

F or an alternativ e p oin t of view, consider a pattern as something observ able whic h

is generated b y an underlying ph ysical entity , as for instance the 2-D views of a 3-D

ob ject. T o recognize a pattern of this nature, a ph ysicist w ould try to understand the

la ws go v erning the en tit y , and the mec hanisms b y whic h the pattern is brough t ab out.

In this pro cess, it ma y turn out that di�eren t observ ables, or functions thereof,

con tain di�eren t amoun ts of information for understanding the underlying en tit y , i.e.

it ma y b e the case that from the initial ra w observ ations, w e ha v e to extract useful

fe atur es ourselv es.

The curren t w ork is lo cated in the in tersection of the asp ects sk etc hed in the
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16 CHAPTER 1. INTRODUCTION AND PRELIMINARIES

ab o v e three paragraphs. It studies an inductiv e learning algorithm whic h has b een

dev elop ed in the framew ork of statistical learning theory , and it tries to enhance it b y

incorp orating prior kno wledge ab out a recognition task at hand. Finally , it studies

the extraction of features for the purp ose of recognition.

Ev en though pattern recognition is not limited to the visual domain, w e shall fo cus

on visual recognition. Muc h of what is said in this thesis, ho w ev er, w ould equally

apply to the recognition of acoustic patterns, sa y .

In the remainder of this section, w e in tro duce the terminology whic h is used in

discussing di�eren t asp ects of visual recognition problems: these are, in turn, the

data, the tasks, and the metho ds for recognition.

Data. Di�eren t t yp es of pattern recognition problems mak e di�eren t t yp es of as-

sumptions ab out the underlying causes generating the patterns. Nev ertheless, it is

p ossible to discuss them in a common framew ork whic h w e try to describ e presen tly .

It dra ws from mac hine learning terminology; as suc h, it will di�er from psyc hological

usage of the relev an t terms in some resp ects.

1

Observ ers visually p erceiv e views . Sets of views constitute classes . Sometimes,

classes ha v e a structure that go es b ey ond b eing mere collections of views. F or instance,

the class of all views of rain b o ws has the prop ert y that if a sp eci�c view b elongs to

it, then so do all views whic h are generated b y translating it, parallel to the horizon.

Obje cts are sp eci�c classes, with a ric h class structure, con taining for instance all view

transformations corresp onding to rigid 3-D transformations of a sp eci�c underlying

ph ysical en tit y . Some of these transformations are shared b y all ob jects, for instance

translations; others, lik e deformations, are ob ject-sp eci�c.

More radically , and fundamen tally view-b ase d , w e could giv e up the notion of pri-

orit y of the underlying ph ysical en tities, and think of an ob ject only as a collection

of views, with a sp eci�c class structure. On a practical lev el, this is the approac h

pursued in the curren t w ork. The distinction b et w een ob jects and other classes then

b ecomes a distinction b et w een di�eren t t yp es of transformation in v ariances. F or in-

stance, a rain b o w w ould not b e an ob ject, as w e cannot p ossibly see it from ab o v e, not

ev en with a spacecraft. The class of handwritten digits '6' w ould not b e an ob ject for

similar reasons; in fact, an image plane rotation b y 180

�

w ould ev en tak e us in to the

class '9'. As an aside, w e note that mathematics and ph ysics ha v e already undergone

a paradigm shift a w a y from the notion of ob jects as \things in the w orld", to w ards

studying their transformation prop erties. In mathematics, this is exempli�ed in F elix

Klein's Erlanger Pr o gr amm (Klein, 1872) whic h shifts geometry a w a y from p oin ts and

lines to w ards transformation groups; in ph ysics, an example is the mo dern de�nition

of elemen tary particles as transformation group represen tations (e.g. Primas, 1983).

Kac and Ulam (1968) refer to this as

\[...] the immensely p o w erful and fruitful idea that m uc h can b e learned

1

The ideas put forw ard in the follo wing w ere in
uenced b y discussions with p eople in the MPI's

ob ject recognition group, in particular with V. Blanz.
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ab out the structur e of certain ob jects b y merely studying their b ehaviour

under the action of c ertain gr oups ."

Later in the thesis, the reader will encoun ter metho ds for impro ving visual recognition

systems b y taking in to accoun t transformation prop erties of handwritten c haracters

and 3-D ob jects (Sec. 4.2).

Prio r Kno wledge. The statistical approac h of learning from examples in its pure form

neglects the additional kno wledge of class structure describ ed ab o v e. Ho w ev er, the

latter, referred to as Prior Know le dge , can b e of great practical relev ance in recognition

problems.

Supp ose w e w ere giv en temp oral sequences of detailed observ ations (including sp ec-

tra) of double star systems, and w e w ould lik e to predict whether, ev en tually , one of

the stars will collapse in to a blac k hole. Giv en a small set of observ ations of di�eren t

double star systems, including target v alues indicating the ev en tual outcome (sup-

p osing these w ere a v ailable), a purely statistical approac h of learning from examples

w ould probably ha v e di�culties extracting the desired dep endency . A ph ysicist, on

the other hand, w ould infer the star masses from the sp ectra's p erio dicit y and Doppler

shifts, and use the theory of general relativit y to predict the ev en tual fate of the stars.

Of course, one could argue that the ph ysicist's mo del of the situation is based on

a h uge b o dy of prior examples of situations and phenomena whic h are related to the

ab o v e in one w a y or another. This, ho w ev er, is exactly ho w the term prior kno wledge

should b e understo o d in the presen t con text. It do es not refer to a Kan tian a priori ,

as prior to all exp erience, but to what is prior to a giv en problem of learning from

examples.

What do w e do, ho w ev er, if w e do not ha v e a dynamical mo del of what is happ ening

b ehind the scenes? In this case, whic h for instance applies whenev er the underlying

dynamics is to o complicated, the strengths of the purely statistical approac h b ecome

apparen t. Let us consider the case of handwritten c haracter recognition. When a

h uman writer decides to write the letter 'A', the actual outcome is the result of a series

of complicated pro cesses, whic h in their en tiret y cannot b e mo delled comprehensiv ely .

The in tensit y of the lines dep ends on c hemical prop erties of ink and pap er, their shap e

on the friction b et w een p encil and the pap er, on the dynamics of the writer's join ts,

and on motor programmes initiated in the brain, these in turn are based on what the

writer has learn t at sc ho ol | the c hain could b e con tin ued ad in�nitum. Accordingly ,

nob o dy tries to recognize c haracters b y completely mo delling their generation.

Ho w ev er, the lac k of a complete dynamical mo del do es not mean that there is

no prior kno wledge in handwritten digit recognition. F or instance, w e kno w that

handwritten digits do not c hange their class mem b ership if they are translated on a

page, or if their line thic kness is sligh tly c hanged. This t yp e of kno wledge can b e used

to augmen t the purely statistical approac h (Sec. 4.2). More abstract prior kno wledge

in man y visual recognition tasks includes the fact that the correlations b et w een nearb y

image lo cations are often more reliable features for recognition than those with larger

distances (Sec. 4.3).
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F eatures. Before w e pro ceed to the tasks that can b e p erformed, dep ending on the

a v ailable data, w e need to in tro duce a concept widely used in b oth statistics and in

the analysis of h uman p erception. In its general form, a fe atur e dete ctor or fe atur e

extr actor is a function whic h assigns a (t ypically scalar) v alue to eac h ra w observ ation.

Often, a n um b er of di�eren t suc h functions are applied to the observ ations in a fe atur e

extr action pr o c ess , leading to a prepro cessed v ector r epr esentation of the data. The

goal of extracting features is to impro v e subsequen t stages of pro cessing, b e it b y

impro ving accuracies in a recognition task, or b y reducing storage requiremen ts or

pro cessing time.

The feature functions serving this purp ose can either b e sp eci�ed in adv ance, for

instance in a w a y suc h that they incorp orate prior kno wledge ab out a problem at hand,

or computed from the set of observ ations. Both approac hes, as w ell as com binations

thereof, shall b e addressed in this thesis (Chapter 3, Sec. 4.2.2, Sec. 4.3).

The actual term fe atur e is used with di�eren t meanings. In vision researc h and

psyc hoph ysics, it is mainly used for the optimal stim ulus of a corresp onding feature

detector. Ho w ev er, note that giv en a nonlinear feature detector, it ma y b e practically

imp ossible to determine this optimal stim ulus. In statistics, on the other hand, the

term feature mostly refers to the fe atur e values , i.e. the outputs of feature detectors, or

to the feature detector itself. P ossibly , this am biguit y arose from the fact that, in some

cases, the di�eren t meanings coincide: in the case where the feature detector consists

of a dot pro duct with a w eigh t v ector, as in linear neural net w ork mo del receptiv e

�elds, the optimal stim ulus is aligned with the w eigh t v ector, and th us the t w o can b e

iden ti�ed.

T asks. Supp ose w e are only giv en solitary views, and neither non trivial classes nor

ob jects (whic h w ere structured collections of views). Then out of the tasks of dis-

crimination, classi�cation, and iden ti�cation, only discrimination can b e carried out

on these views. This do es, ho w ev er, not prev en t the term discrimination from b eing

used also in the con text of classes and ob jects. Discrimination, the mere detection of

a di�erence, can b e preceded b y feature extraction pro cesses; in these cases, results

will dep end on the extraction pro cess used.

Classi�c ation consists of attributing views to classes, and th us requires the existence

of classes. These can b e sp eci�ed abstractly | b y describing features, or Gibsonian

a�ordances (\something to sit on"), e.g. | or pro vided (appro ximately) b y a sample

of training views. This de�nition of classes b y training sets is widespread in mac hine

learning; it will also b e the paradigm that w e are going to use in this thesis. One talks

ab out yes-no and old-new classi�cation tasks (one sp eci�ed class) or naming tasks

(sev eral classes). P attern recognition problems lik e Handwritten Digit Recognition

are examples of classi�cation.

Similarly , identi�c ation consists in determining to whic h ob ject a presen ted view

b elongs. As ob jects are sp ecial t yp es of classes, w e again ha v e the p ossibilit y for the

ab o v e tasks. Iden ti�cation mak es sense only for ob jects: for instance, it is meaningless

to ask whether the rain b o w w e see to da y is a view of the same (ob ject as a) rain b o w
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w e sa w last y ear.

In this thesis, w e study classi�cation and iden ti�cation. Often, b oth of these tasks

are referred to as r e c o gnition , the term whic h w e shall mostly emplo y . Indeed, when

classes are giv en b y training sets, the question whether there is an underlying ob ject

pro ducing the observ ed views b ecomes secondary . It is then only of relev ance insofar

as it determines the t yp e of prior kno wledge a v ailable.

Human Object Recognition. The p osition that ob ject recognition is not ab out re-

co v ering ph ysical 3-D en tities, but ab out learning their views, and p oten tially also their

transformation prop erties, can b e supp orted b y biological and psyc hological evidence.

B • ultho� and Edelman (1992) ha v e sho wn that when recognizing unfamiliar ob jects,

observ ers exhibit viewp oin t e�ects whic h suggest that they do not reco v er the 3-D

shap e of ob jects, but rather build a represen tation based on the actual training views

(cf. also Logothetis, P auls, and P oggio, 1995). They though t of this represen tation

as an in terp olation mec hanism (cf. P oggio and Girosi, 1990), but one could of course

conceiv e of more sophisticated mec hanisms for com bining information con tained in

the training views. In the ab o v e terminology , one migh t argue that due to their un-

familiarit y , the wire frame ob jects of B • ultho� and Edelman (1992) mak e it v ery hard

to use the transformations whic h form the structure of the underlying class of views.

Ullman (1996) has put forw ard a m ultiple-view v arian t of his theory of \recognition

b y alignmen t", where ob jects are recognized b y aligning them with stored view tem-

plates. The alignmen t pro cess can mak e use of certain transformations sp eci�c to the

ob ject in question. The results of T ro je and B • ultho� (1996) ha v e sho wn that these

transformations in some cases directly op erate on 2-D views, and that they are m uc h

simpler than transformations using an underlying 3-D mo del: in exp erimen ts probing

face recognition under v arying p oses, observ ers p erformed b etter on views whic h w ere

obtained b y simply applying a mirror rev ersal transformation to a previously seen

view, rather than b y rotating the head in depth to generate the true view of the other

side. Rao and Ballard (1997) recen tly prop osed a mo del in whic h the \what" and the

\where" path w a y (Mishkin, Ungerleider, and Mac k o, 1983) in the visual system are

conceiv ed of as estimating ob ject iden tit y and transformations, resp ectiv ely . Using a

collection of patc hes tak en from natural images, they construct a generativ e mo del for

the data whic h learns, transforms and linearly com bines simple basis functions. Their

mo del, ho w ev er, do es not directly mak e use of the v aluable information con tained in

the temp or al stream of visual data: comparing subsequen t images, e.g. b y optic 
o w

tec hniques, w ould giv e a more direct means of constructing pro cessing elemen ts en-

co ding transformations. Indeed, in the dorsal stream (the \where" path w a y), neurons

ha v e b een found co ding for v arious t yp es of large-�eld transformations (Du�y and

W urtz, 1991). Of somewhat related in terest are the large-�eld neurons in the 
y's vi-

sual system, co ding for sp eci�c 
o w �elds whic h are generated b y the 
y's mo v emen t

in the en vironmen t (Krapp and Hengsten b erg, 1996).
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Rep resentations and Pro cesses. The ab o v e illustrates that the question of ho w,

giv en a recognition problem, the actual pro cessing can b e p erformed, is in timately

related to underlying r epr esentations (of classes or ob jects), computed b y some feature

extraction pro cess. A represen tation should satisfy certain constrain ts in terms of

storage cost, computational cost and accuracy .

General classes without structure are not compressible (except for a separate com-

pression of the individual images). Classes with some in ternal structure can b e com-

pressed, hence a smaller represen tation is p ossible, whic h in turn mak es generalization

to no v el views p ossible (cf. Kolmogoro v, 1965; Rissanen, 1978). This is the underlying

computational reason for the constructiv e nature of p erception.

If w e can generate a class (e.g. an ob ject) from some protot yp e views using a

sp eci�ed set of transformations, w e can represen t it as the set of protot yp es plus

transformations. The more protot yp es w e store, the less complex are the transfor-

mations that w e need to remem b er. In this sense, there is a con tin uum of di�eren t

view-based approac hes. In principle, further compression is conceiv able if w e allo w

for the construction of a suitable underlying represen tation. E.g., Ullman's approac h

of storing a 3-D mo del plus the set of 3-D transformations (Ullman, 1989) is c heap

in terms of storage: storing these transformations is almost for free, and storing one

3-D mo del is reasonably c heap. Constructing this represen tation, ho w ev er, ma y b e

computationally quite exp ensiv e. Reading out and matc hing 2-D views, on the other

hand, is computationally rather c heap if done in parallel neural arc hitecture. The t yp e

of represen tation to b e used should th us dep end on the task, e.g. on sp eed constrain ts.

Indeed, prop onen ts of view-based ob ject recognition theories are mainly concerned

with fast recognition tasks (B • ultho� and Edelman, 1992). Moreo v er, the storage cost

strongly dep ends on the task and the t yp e of feature extraction applied to the ra w

data.

In some cases, w e can extract features from views whic h allo w reasonably high

recognition accuracies while enabling us to w ork with m uc h simpler sets of transfor-

mations. F or instance, if there exists a diagnostic ob ject feature whic h is visible from

all viewp oin ts, w e only need to store the feature (e.g. the colour), the extraction pro-

cess (whic h can b e though t of as a sp eci�c image transformation whic h needs to b e

stored), and the fact that it ma y o ccur an ywhere in the view (i.e. the set of all image

plane translations).

Clearly , the set of features whic h are extracted from views in
uences all further

pro cessing. Applied to our setting, c onstructing a feature represen tation consists of

t w o parts: the features ha v e to b e extracted from a p ossibly large set of views, and

the transformations whic h connect features b elonging to views of the same class ha v e

to b e computed. This ma y require a trade-o�: for some feature represen tations, the

extraction pro cess is di�cult (e.g. using corresp ondence metho ds, Beymer and P oggio,

1996; V etter and T ro je, 1997), whereas the computations of transformations migh t b e

simple. A similar trade-o� exists in utilizing suc h a represen tation: for a recognition

task done b y matc hing, e.g., w e w ould ha v e to extract features from test views, and

transform them to matc h stored ones. Put in mac hine learning language, features
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should b e used whic h allo w solving a giv en task within sp eci�ed limits on training

time, testing sp eed, error rate, and memory requiremen ts.

Implementations. So far, not m uc h has b een said ab out actual implemen tations of

recognition systems. The presen t w ork fo cuses on algorithmic questions rather than

on questions of implemen tation, b oth with resp ect to the computational side and with

resp ect to the biological side of the recognition problem. The former normally need

not b e justi�ed: in statistics, scien ti�c studies of mere algorithms, without discussion

of implemen tation details, are abundan t. In biology , whic h is the main fo cus of in terest

in the group where m uc h of the presen t w ork w as carried out, the t yp e of abstraction

presen ted here is m uc h less common. Indeed, the relev ance of this thesis to biological

pattern recognition is on the lev el of statistical prop erties of problems and algorithms

| not more, and not less. In our hop e that this t yp e of theoretical w ork should b e of

in terest to p eople studying the brain, w e concur with Barlo w (1995):

\If arti�cial neural nets, designed to imitate cognitiv e functions of the

brain, are truly p erforming tasks that are b est form ulated in statistical

terms, then is this not lik ely also to b e true of cognitiv e function in gen-

eral? The idea that the brain is an accomplished statistical decision-making

organ agrees w ell with notions to b e sk etc hed in the last section of this

[Barlo w's, the author] article."

T o study ob ject recognition from a statistic al p oin t of view, w e shall in the follo wing

section brie
y review some of the basic concepts and results of statistical learning

theory .

1.2 Statistical Lea rning Theo ry

Out of the considerable b o dy of theory that has b een dev elop ed in statistical learning

theory b y V apnik and others (e.g. V apnik and Cherv onenkis, 1968, 1974; V apnik, 1979,

1995a,b), w e brie
y review a few concepts and results whic h are necessary in order to

b e able to appreciate the Supp ort V ector learning algorithm, whic h will b e used in a

substan tial part of the thesis.

2

F or the case of t w o-class pattern recognition, the task of le arning fr om examples

can b e form ulated in the follo wing w a y: w e are giv en a set of functions

f f

�

: � 2 � g ; f

�

: R

N

! f� 1 g (1.1)

and a set of examples , i.e. pairs of p atterns x

i

and lab els y

i

,

( x

1

; y

1

) ; : : : ; ( x

`

; y

`

) 2 R

N

� f� 1 g ; (1.2)

2

A high-lev el summary is giv en in (Sc h• olk opf, 1996).
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eac h one of them generated from an unkno wn probabilit y distribution P ( x ; y ) con-

taining the underlying dep endency . (Here and b elo w, b old face c haracters denote

v ectors.) W e w an t to le arn a function f

�

�

whic h pro vides the smallest p ossible v alue

for the a v erage error committed on indep enden t examples randomly dra wn from the

same distribution P , called the risk

R ( � ) =

Z

1

2

j f

�

( x ) � y j dP ( x ; y ) : (1.3)

The problem is that R ( � ) is unkno wn, since P ( x ; y ) is unkno wn. Therefore an induc-

tion principle for risk minimization is necessary .

The straigh tforw ard approac h to minimize the empiric al risk

R

emp

( � ) =

1

`

`

X

i =1

1

2

j f

�

( x

i

) � y

i

j (1.4)

turns out not to guaran tee a small actual risk, if the n um b er ` of training examples

is limited. In other w ords: a small error on the training set do es not necessarily

imply a high gener alization abilit y (i.e. a small error on an indep enden t test set).

This phenomenon is often referred to as over�tting (e.g. Bishop, 1995). T o mak e the

most out of a limited amoun t of data, no v el statistical tec hniques ha v e b een dev elop ed

during the last 30 y ears. The Structur al R isk Minimization principle (V apnik, 1979)

is based on the fact that for the ab o v e learning problem, for an y � 2 � and ` > h ,

with a probabilit y of at least 1 � � , the b ound

R ( � ) � R

emp

( � ) + �

 

h

`

;

log( � )

`

!

(1.5)

holds, where the c on�denc e term � is de�ned as

�

 

h

`

;

log( � )

`

!

=

v

u

u

t

h

�

log

2 `

h

+ 1

�

� log( � = 4)

`

: (1.6)

The parameter h is called the V C(V apnik-Chervonenkis)-dimension of a set of func-

tions. It describ es the c ap acity of a set of functions. F or binary classi�cation, h is the

maximal n um b er of p oin ts whic h can b e separated in to t w o classes in all p ossible 2

h

w a ys b y using functions of the learning mac hine; i.e. for eac h p ossible separation there

exists a function whic h tak es the v alue 1 on one class and � 1 on the other class.

A le arning machine can b e though t of as a set of functions (that the mac hine has

at its disp osal), an induction principle, and an algorithmic pro cedure for implemen ting

the induction principle on the giv en set of functions. Often, the term learning mac hine

is used to refer to its set of functions | in this sense, w e talk ab out the capacit y or

V C-dimension of learning mac hines.
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The b ound (1.5), whic h forms part of the theoretical basis for Supp ort V ector

learning, deserv es some further explanatory remarks.

Supp ose w e w an ted to learn a \dep endency" where P ( x ; y ) = P ( x ) � P ( y ), i.e. where

the pattern x con tains no information ab out the lab el y , with uniform P ( y ). Giv en a

training sample of �xed size, w e can then surely come up with a learning mac hine whic h

ac hiev es zero training error. Ho w ev er, in order to repro duce the random lab ellings,

this mac hine will necessarily require a V C-dimension whic h is large compared to the

sample size. Th us, the con�dence term (1.6), increasing monotonically with h=` , will

b e large, and the b ound (1.5) will not supp ort p ossible hop es that due to the small

training error, w e should exp ect a small test error. This mak es it understandable ho w

(1.5) can hold indep enden t of assumptions ab out the underlying distribution P ( x ; y ):

it alw a ys holds, but it do es not alw a ys mak e a non trivial prediction | a b ound on an

error rate b ecomes v oid if it is larger than the maxim um error rate. In order to get

non trivial predictions from (1.5), the function space m ust b e restricted suc h that the

V C-dimension is small enough (in relation to the a v ailable amoun t of data).

3

According to (1.5), giv en a �xed n um b er ` of training examples, one can con trol

the risk b y con trolling t w o quan tities: R

emp

( � ) and h ( f f

�

: � 2 �

0

g ), �

0

denoting

some subset of the index set �. The empirical risk dep ends on the function c hosen

b y the learning mac hine (i.e. on � ), and it can b e con trolled b y pic king the righ t � .

The V C-dimension h dep ends on the set of functions f f

�

: � 2 �

0

g whic h the learning

mac hine can implemen t. T o con trol h , one in tro duces a structure of nested subsets

S

n

:= f f

�

: � 2 �

n

g of f f

�

: � 2 � g ,

S

1

� S

2

� : : : � S

n

� : : : ; (1.8)

whose V C-dimensions, as a result, satisfy

h

1

� h

2

� : : : � h

n

� : : : (1.9)

F or a giv en set of observ ations ( x

1

; y

1

) ; :::; ( x

`

; y

`

) the Structur al R isk Minimization

principle c ho oses the function f

�

n

`

in the subset f f

�

: � 2 �

n

g for whic h the guaran teed

3

The b ound (1.5), form ulated in terms of the V C-dimension, is only the last elemen t of a series of

tigh ter b ounds whic h are form ulated in terms of other concepts. This is due to the inequalities

H

�

( ` ) � H

�

ann

( ` ) � G

�

( ` ) � h

�

log

2 `

h

+ 1

�

; ( ` > h ) : (1.7)

The V C-dimension h is probably the most-used and b est-kno wn concept in this ro w. Ho w ev er, the

other ones lead to tigh ter b ounds, and also pla y imp ortan t roles in the conceptual part of statistical

learning theory: the V C-entr opy H

�

and the A nne ale d V C-entr opy H

�

ann

are used to form ulate

conditions for the consistency of the empirical risk minimization principle, and for a fast rate of

con v ergence, resp ectiv ely . The Gr owth function G

�

pro vides b oth of the ab o v e, indep enden tly of

the underlying probabilit y measure P , i.e. indep enden tly of the data. The V C-dimension h , �nally ,

pro vides a constructiv e upp er b ound on the Gro wth function, whic h can b e used to design learning

mac hines (for details, see V apnik, 1995b).
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R(fan)

h

training error

confidence term

error

Sn-1 Sn Sn+1

structure

bound on test error

FIGURE 1.1: Graphical depiction of (1.5), fo r �xed ` . A lea rning machine with la rger

complexit y , i.e. a la rger set of functions S

n

, allo ws fo r a smaller training erro r; a less

complex lea rning machine, with a smaller S

i

, has smaller V C-dimension and thus p rovides

a smaller con�dence term � (cf. (1.6)). Structural Risk Minimization picks a trade-o� in

b et w een these t w o cases b y cho osing the function of the lea rning machine f

�

n

such that

the risk b ound (1.5) is minimal.

risk b ound (the righ t hand side of (1.5)) is minimal (cf. Fig. 1.1). The pro cedure of

selecting the righ t subset for a giv en amoun t of observ ations is referred to as c ap acity

c ontr ol .

W e conclude this section b y noting that analyses in other branc hes of learning

theory ha v e led to similar insigh ts in the trade-o� b et w een reducing the training er-

ror and limiting mo del complexit y , for instance as describ ed b y regularization theory

(Tikhono v and Arsenin, 1977), Minim um Description Length (Rissanen, 1978; Kol-

mogoro v, 1965), or the Bias-V ariance Dilemma (Geman, Bienensto c k, and Doursat,

1992). Ha ykin (1994); Ripley (1996) giv e o v erviews in the con text of Neural Net w orks.

1.3 F eature Space Mathematics

The presen t section summarizes some mathematical preliminaries whic h are essen tial

for b oth Supp ort V ector mac hines (Chapter 2) and nonlinear Kernel Principal Com-
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p onen t Analysis (Chapter 3).

1.3.1 Pro duct F eatures

Supp ose w e are giv en patterns x 2 R

N

where most information is con tained in the

d -th order pro ducts (monomials) of en tries x

j

of x ,

x

j

1

� : : : � x

j

d

; (1.10)

where j

1

; : : : ; j

d

2 f 1 ; : : : ; N g . In that case, w e migh t prefer to extr act these pro duct

features �rst, and w ork in the feature space F of all pro ducts of d en tries. In visual

recognition problems, e.g., this w ould amoun t to extracting features whic h are pro ducts

of individual pixels.

F or instance, in R

2

, w e can collect all monomial feature extractors of degree 2 in

the nonlinear map

� : R

2

! F = R

3

(1.11)

( x

1

; x

2

) 7! ( x

2

1

; x

2

2

; x

1

x

2

) : (1.12)

This approac h w orks �ne for small to y examples, but it fails for realistically sized

problems: for N -dimensional input patterns, there exist

N

F

=

( N + d � 1)!

d !( N � 1)!

(1.13)

di�eren t monomials (1.10), comprising a feature space F of dimensionalit y N

F

. Al-

ready 16 � 16 pixel input images and a monomial degree d = 5 yield a dimensionalit y

of 10

10

.

In certain cases describ ed b elo w, there exists, ho w ev er, a w a y of c omputing dot

pr o ducts in these high-dimensional feature spaces without explicitely mapping in to

them: b y means of nonlinear k ernels in input space R

N

. Th us, if the subsequen t

pro cessing can b e carried out using dot pro ducts exclusiv ely , w e are able to deal with

the high dimensionalit y .

The follo wing section describ es ho w dot pro ducts in p olynomial feature spaces can

b e computed e�cien tly , follo w ed b y a section whic h discusses more general feature

spaces.

1.3.2 P olynomial F eature Spaces Induced b y Kernels

In order to compute dot pro ducts of the form (�( x ) � �( y )), w e emplo y k ernel repre-

sen tations of the form

k ( x ; y ) = (�( x ) � �( y )) ; (1.14)

whic h allo w us to compute the v alue of the dot pro duct in F without ha ving to carry

out the map �. This metho d w as used b y Boser, Guy on, and V apnik (1992) to extend
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the Gener alize d Portr ait h yp erplane classi�er of V apnik and Cherv onenkis (1974) to

nonlinear Supp ort V ector mac hines (Sec. 2.1). Aizerman, Bra v erman, and Rozono er

(1964) call F the line arization sp ac e , and use it in the con text of the p oten tial function

classi�cation metho d to express the dot pro duct b et w een elemen ts of F in terms of

elemen ts of the input space. They also consider the p ossibilit y of c ho osing k a priori,

without b eing directly concerned with the corresp onding mapping � in to F . A sp eci�c

c hoice of k migh t then corresp ond to a dot pro duct b et w een patterns mapp ed with a

suitable �.

What do es k lo ok lik e for the case of p olynomial features? W e start b y giving an

example (V apnik, 1995b) for N = d = 2. F or the map

C

2

: ( x

1

; x

2

) 7! ( x

2

1

; x

2

2

; x

1

x

2

; x

2

x

1

) ; (1.15)

dot pro ducts in F tak e the form

( C

2

( x ) � C

2

( y )) = x

2

1

y

2

1

+ x

2

2

y

2

2

+ 2 x

1

x

2

y

1

y

2

= ( x � y )

2

; (1.16)

i.e. the desired k ernel k is simply the square of the dot pro duct in input space. Boser,

Guy on, and V apnik (1992) note that the same w orks for arbitrary N ; d 2 N : as a

straigh tforw ard generalization of a result pro v ed in the con text of p olynomial appro x-

imation (P oggio, 1975, Lemma 2.1), w e ha v e:

Prop osition 1.3.1 De�ne C

d

to map x 2 R

N

to the ve ctor C

d

( x ) whose entries ar e

al l p ossible d -th de gr e e or der e d pr o ducts of the entries of x . Then the c orr esp onding

kernel c omputing the dot pr o duct of ve ctors mapp e d by C

d

is

k ( x ; y ) = ( C

d

( x ) � C

d

( y )) = ( x � y )

d

: (1.17)

Pro of. W e directly compute

( C

d

( x ) � C

d

( y )) =

N

X

j

1

;::: ;j

d

=1

x

j

1

� : : : � x

j

d

� y

j

1

� : : : � y

j

d

(1.18)

=

0

@

N

X

j =1

x

j

� y

j

1

A

d

= ( x � y )

d

: (1.19)

ut

Instead of ordered pro ducts, w e can use unordered ones to obtain a map �

d

whic h

yields the same v alue of the dot pro duct. T o this end, w e ha v e to comp ensate for

the m ultiple o ccurence of certain monomials in C

d

b y scaling the resp ectiv e monomial
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en tries of �

d

with the square ro ots of their n um b ers of o ccurence. Then, b y this

de�nition of �

d

, and (1.17),

(�

d

( x ) � �

d

( y )) = ( C

d

( x ) � C

d

( y )) = ( x � y )

d

: (1.20)

F or instance, if n of the j

i

in (1.10) are equal, and the remaining ones are di�eren t,

then the co e�cien t in the corresp onding comp onen t of �

d

is

q

( d � n + 1)! (for the

general case, cf. Smola, Sc h• olk opf, and M • uller, 1997). F or �

2

, this simply means that

(V apnik, 1995b)

�

2

( x ) = ( x

2

1

; x

2

2

;

p

2 x

1

x

2

) : (1.21)

If x represen ts an image with the en tries b eing pixel v alues, w e can use the k ernel

( x � y )

d

to w ork in the space spanned b y pro ducts of an y d pixels | pro vided that w e

are able to do our w ork solely in terms of dot pro ducts, without an y explicit usage of a

mapp ed pattern �

d

( x ). Using k ernels of the form (1.17), w e tak e in to accoun t higher-

order statistics without the com binatorial explosion (cf. (1.13)) of time and memory

complexit y whic h go es along already with mo derately high N and d .

T o conclude this section, note that it is p ossible to mo dify (1.17) suc h that it maps

in to the space of all monomials up to degree d , de�ning (V apnik, 1995b)

k ( x ; y ) = ( x � y + 1)

d

: (1.22)

1.3.3 F eature Spaces Induced b y Mercer Kernels

The question whic h function k do es corresp ond to a dot pro duct in some space F has

b een discussed b y Boser, Guy on, and V apnik (1992); V apnik (1995b). T o construct a

map � induced b y a k ernel k , i.e. a map � suc h that k computes the dot pro duct in

the space that � maps to, they use Mercer's theorem of functional analysis (Couran t

and Hilb ert, 1953):

Prop osition 1.3.2 If k is a c ontinuous symmetric kernel of a p ositive

4

inte gr al op-

er ator K , i.e.

( K f )( y ) =

Z

C

k ( x ; y ) f ( x ) d x (1.23)

with

Z

C � C

k ( x ; y ) f ( x ) f ( y ) d x d y � 0 (1.24)

for al l f 2 L

2

( C ) ( C b eing a c omp act subset of R

N

), it c an b e exp ande d in a uniformly

4

When referring to op erators, the term p ositive is alw a ys mean t in the sense stated here. If w e

talk ab out p ositiv e de�nite op erators, w e will express this explicitely .
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c onver gent series (on C � C ) in terms of Eigenfunctions  

j

and p ositive Eigenvalues

�

j

,

k ( x ; y ) =

N

F

X

j =1

�

j

 

j

( x )  

j

( y ) ; (1.25)

wher e N

F

� 1 .

Note that originally pro v en for the case where C = [ a; b ], this Prop osition also holds

true for general compact spaces (Dunford and Sc h w artz, 1963).

F or the con v erse of Prop osition 1.3.2, cf. App endix D.1.

F rom (1.25), it is straigh tforw ard to construct a map �, mapping in to a p oten tially

in�nite-dimensional l

2

space, whic h do es the job. F or instance, w e ma y use

� : x 7! (

q

�

1

 

1

( x ) ;

q

�

2

 

2

( x ) ; : : : ) : (1.26)

W e th us ha v e the follo wing result (Boser, Guy on, and V apnik, 1992):

5

Prop osition 1.3.3 If k is a c ontinuous kernel of a p ositive inte gr al op er ator (c ondi-

tions as in Pr op osition 1.3.2), one c an c onstruct a mapping � into a sp ac e wher e k

acts as a dot pr o duct,

(�( x ) � �( y )) = k ( x ; y ) : (1.27)

Besides (1.17), Boser, Guy on, and V apnik (1992) and V apnik (1995b) suggest the

usage of Gaussian radial basis function k ernels (Aizerman, Bra v erman, and Rozono er,

1964)

k ( x ; y ) = exp

 

�

k x � y k

2

2 �

2

!

(1.28)

and sigmoid k ernels

k ( x ; y ) = tanh( � ( x � y ) + �) : (1.29)

Note that all these k ernels ha v e the con v enien t prop ert y of unitary in v ariance, i.e.

k ( x ; y ) = k ( U x ; U y ) if U

>

= U

� 1

(if w e consider complex n um b ers, then U

�

instead

of U

>

has to b e used). The radial basis function k ernel additionally is translation

in v arian t.

5

In order to iden tify k with a dot pro duct in another space, it w ould b e su�cien t to ha v e p oin t wise

con v ergence of (1.25). Uniform con v ergence lets us mak e an assertion whic h go es further: giv en an

accuracy lev el � > 0, there exists an n 2 N suc h that ev en if the range of � is in�nite-dimensional, k

can b e appro ximated within accuracy � as a dot pro duct in R

n

, b et w een images of

�

n

: x 7! (

p

�

1

 

1

( x ) ; : : : ;

p

�

n

 

n

( x )) :
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1.3.4 The Connection to Rep ro ducing Kernel Hilb ert Spaces

The feature space that � maps in to is a r epr o ducing kernel Hilb ert sp ac e (RKHS).

T o see this, w e follo w W ah ba (1973) and recall that a RKHS is a Hilb ert space of

functions f on some set C suc h that all ev aluation functionals f 7! f ( y ) ( y 2 C ) are

con tin uous. In that case, b y the Riesz represen tation theorem (e.g. Reed and Simon,

1980), for eac h y 2 C there exists a unique function of x , call it k ( x ; y ), suc h that

f ( y ) = h f ; k ( :; y ) i (1.30)

(here, k ( :; y ) is the function on C obtained b y �xing the second argumen t of k to

y , and h :; : i is the dot pro duct of the RKHS). In view of this prop ert y , k is called a

r epr o ducing kernel .

Note that b y (1.30), h f ; k ( :; y ) i = 0 for all y implies that f is iden tically zero.

Hence the set of functions f k ( :; y ) : y 2 C g spans the whole RKHS. The dot pro duct

on the RKHS th us only needs to b e de�ned on f k ( :; y ) : y 2 C g and can then b e

extended to the whole RKHS b y linearit y and con tin uit y . F rom (1.30), it follo ws that

in particular

h k ( :; x ) ; k ( :; y ) i = k ( y ; x ) (1.31)

for all x ; y 2 C (this implies that k is symmetric). Note that this means that an y

repro ducing k ernel k corresp onds to a dot pro duct in another space.

T o establish a connection to the dot pro duct in a feature space F , w e next assume

that k is a Mercer k ernel (cf. Prop osition 1.3.2). First note that it is p ossible to

construct a dot pro duct suc h that k b ecomes a repro ducing k ernel for a Hilb ert space

of functions

f ( x ) =

1

X

i =1

a

i

k ( x ; x

i

) =

1

X

i =1

a

i

N

F

X

j =1

�

j

 

j

( x )  

j

( x

i

) : (1.32)

Using only linearit y , whic h holds for an y dot pro duct h :; : i , w e ha v e

h f ; k ( :; y ) i =

1

X

i =1

a

i

N

F

X

j;n =1

�

j

 

j

( x

i

) h  

j

;  

n

i �

n

 

n

( y ) : (1.33)

Since k is a symmetric k ernel, the  

i

( i = 1 ; : : : ; N

F

) can b e c hosen to b e orthogonal

with resp ect to the dot pro duct in L

2

( C ). Hence it is straigh tforw ard to construct a

dot pro duct h :; : i suc h that

h  

j

;  

n

i = �

j n

=�

j

(1.34)

(using the Kronec k er sym b ol �

j n

), in whic h case (1.33) reduces to the repro ducing

k ernel prop ert y (1.30) (using (1.32)).
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T o write h :; : i as a dot pro duct of co ordinate v ectors, w e th us only need to express

the functions of the RKHS in the basis (

p

�

n

 

n

)

n =1 ;::: ;N

F

, whic h is orthonormal with

resp ect to h :; : i , i.e.

f ( x ) =

N

F

X

n =1

�

n

q

�

n

 

n

( x ) : (1.35)

T o obtain the co ordinates �

n

, w e compute, using (1.34),

�

n

= h f ;

q

�

n

 

n

i = h

1

X

i =1

a

i

N

F

X

j =1

�

j

 

j

( x

i

)  

j

;

q

�

n

 

n

i =

q

�

n

1

X

i =1

a

i

 

n

( x

i

) : (1.36)

Comparing (1.35) and (1.26), w e see that F has the structure of a RKHS in the sense

that for f and g giv en b y (1.35) and

g ( x ) =

N

F

X

j =1

�

j

q

�

j

 

j

( x ) ; (1.37)

w e ha v e

( � � � ) = h f ; g i : (1.38)

Note, moreo v er, that due to (1.35), w e ha v e f ( x ) = ( � � �( x )) in F . Comparing to

(1.30), this sho ws that �( x ) is nothing but the co ordinate represen tation of the k ernel

as a function of one argumen t (cf. also (1.27)).

T o conclude the brief detour in to RKHS theory , note that in (1.30), k do es not

ha v e to b e linear in its argumen ts; ho w ev er, its action as an ev aluation functional in

Hilb ert space is linear | this is the underlying reason wh y Mercer k ernels compute

bilinear dot pro ducts in Hilb ert spaces: the dot pro duct is obtained b y com bining t w o

ev aluations of a p ossibly nonlinear function in a suitable Hilb ert space.

1.3.5 Kernel V alues as P airwise Simila rities

In practice, w e are giv en a �nite amoun t of data x

1

; : : : ; x

`

. The follo wing simple

observ ation sho ws that ev en if w e do not w an t to (or are unable to) analyse a giv en

k ernel k analytically , w e can still compute a map � suc h that k corresp onds to a dot

pro duct in the linear span of the �( x

i

):

Prop osition 1.3.4 Supp ose the data x

1

; : : : ; x

`

and the kernel k ar e such that the

matrix

K

ij

= k ( x

i

; x

j

) (1.39)

is p ositive. Then it is p ossible to c onstruct a map � into a fe atur e sp ac e F such that

k ( x

i

; x

j

) = (�( x

i

) � �( x

j

)) : (1.40)
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Conversely, for a map � into some fe atur e sp ac e F , the matrix K

ij

= (�( x

i

) � �( x

j

))

is p ositive.

Pro of. Being p ositiv e, K can b e diagonalized as

K = S D S

>

(1.41)

with an orthogonal matrix S and a diagonal matrix D with nonnegativ e en tries. Then

k ( x

i

; x

j

) = ( S D S

>

)

ij

(1.42)

=

`

X

k =1

S

ik

D

k k

�

S

>

�

k j

(1.43)

=

`

X

k =1

S

ik

D

k k

S

j k

(1.44)

= ( s

i

� D s

j

) ; (1.45)

where w e ha v e de�ned the s

i

as the ro ws of S (note that the columns of S w ould b e

K 's Eigen v ectors). Therefore, K is the dot pro duct matrix (or Gr am matrix ) of the

v ectors

p

D

k k

� s

i

.

6

Hence the map �, de�ned on the x

i

b y

� : x

i

7!

q

D

k k

� s

i

; (1.46)

do es the job (cf. (1.40)).

Note that if the x

i

are linearly dep enden t, it will t ypically not b e the case that �

can b e extended to a linear map.

F or the con v erse, assume an arbitrary � 2 R

`

, and compute

`

X

i;j =1

�

i

�

j

K

ij

=

0

@

`

X

i =1

�

i

�( x

i

) �

`

X

j =1

�

j

�( x

j

)

1

A

� 0 : (1.47)

ut

In particular, this result implies that giv en data x

1

; : : : ; x

`

, and a k ernel k whic h giv es

rise to a p ositiv e matrix K , it is alw a ys p ossible to construct a feature space F of

dimensionalit y � ` that w e are implicitely w orking in when using k ernels.

If w e p erform an algorithm whic h requires k to corresp ond to a dot pro duct in some

other space (as for instance the Supp ort V ector algorithm to b e describ ed b elo w), it

could happ en that ev en though k do es not satisfy Mercer's conditions in general,

it still giv es rise to a p ositiv e matrix K for the giv en training data. In that case,

6

The fact that ev ery p ositiv e matrix is the Gram matrix of some set of v ectors is w ell-kno wn in

linear algebra (see e.g. Bhatia, 1997, Exercise I.5.10).
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Prop osition 1.3.4 tells us that nothing will go wrong during training when w e w ork

with these data. Moreo v er, if a k ernel leads to a matrix K with some small negativ e

Eigen v alues, w e can add a small m ultiple of some p ositiv e de�nite k ernel to obtain a

p ositiv e matrix.

7

Note, �nally , that Prop osition 1.3.4 do es not require the x

1

; : : : ; x

`

to b e elemen ts

of a v ector space. They could b e an y set of ob jects whic h, for some function k (whic h

could b e though t of as a similarit y measure for the ob jects), giv es rise to a p ositiv e

matrix ( k ( x

i

; x

j

))

ij

. Metho ds based on pairwise distances or similarities ha v e recen tly

attracted atten tion (Hofmann and Buhmann, 1997). They ha v e the adv an tage of b eing

applicable also in cases where it is hard to come up with a sensible v ector represen tation

of the data (e.g. in text clustering).

7

F or instance, for the h yp erb olic tangen t k ernel (1.29), Mercer's conditions ha v e not b een v eri�ed.

It do es not satisfy them in general: in a series of exp erimen ts with 2-D to y data, w e noticed that the

dot pro duct matrix in K had some negativ e Eigen v alues, for most c hoices of � that w e in v estigated

(except for large negativ e v alues). Nev ertheless, this k ernel has successfully b een used in Supp ort

V ector learning (cf. Sec. 2.3). T o understand the latter, note that b y shifting the k ernel (i.e. c ho osing

di�eren t v alues of �), one can appro ximate the shap e of the p olynomial k ernel (whic h is kno wn to

b e p ositiv e), as a function of ( x � y ) (within a certain range), up to a v ertical o�set. This o�set is

irrelev an t in SV learning: due to (2.15), adding a constan t to all elemen ts of the dot pro duct matrix

do es not c hange the solution.



Chapter 2

Supp o rt V ecto r Machines

This c hapter discusses theoretical and empirical issues related to the Supp ort V e ctor

(SV) algorithm . This algorithm, review ed in Sec. 2.1, is based on the results of

learning theory outlined in Sec. 1.2. Via the use of k ernel functions (Sec. 1.3), it giv es

rise to a n um b er of di�eren t t yp es of pattern classi�ers (V apnik and Cherv onenkis,

1974; Boser, Guy on, and V apnik, 1992; Cortes and V apnik, 1995; V apnik, 1995b).

The original con tribution of the presen t c hapter is largely empirical. Using ob-

ject and digit recognition tasks, w e sho w that the algorithm allo ws us to construct

high-accuracy p olynomial classi�ers, radial basis function classi�ers, and p erceptrons

(Sections 2.2 and 2.3), relying on almost iden tical subsets of the training set, their

Supp ort V e ctor sets (Sec. 2.4). These Supp ort V ector Sets are sho wn to con tain

all the information necessary to solv e a giv en classi�cation task. T o understand the

relationship b et w een SV metho ds and classical tec hniques, w e then describ e a study

comparing SV mac hines with Gaussian k ernels to classical radial basis function net-

w orks, with results fa v ouring the SV approac h. F ollo wing this, Sec. 2.6 sho ws that

one can utilize the error b ounds of learning theory to select v alues for free parameters

in the SV algorithm, as for instance the degree of the p olynomial k ernel whic h will

p erform b est on a test set (Sc h• olk opf, Burges, and V apnik, 1995; Blanz, Sc h• olk opf,

B • ultho�, Burges, V apnik, and V etter, 1996; Sc h• olk opf, Sung, Burges, Girosi, Niy ogi,

P oggio, and V apnik, 1996c). Finally , at the end of the c hapter, w e summarize v arious

w a ys of understanding and in terpreting the high generalization p erformance of SV

mac hines (Sec. 2.7).

2.1 The Supp o rt V ecto r Algo rithm

As a basis for the material in the follo wing section, w e �rst need to describ e the SV

algorithm in some detail. The original treatmen ts are due to V apnik and Cherv onenkis

(1974), Boser, Guy on, and V apnik (1992), Guy on, Boser, and V apnik (1993), Cortes

and V apnik (1995), and V apnik (1995b).

W e describ e the SV algorithm in four steps. In Sec. 2.1.1, a structure of decision

functions is describ ed whic h is su�cien tly simple to admit the form ulation of a b ound

on their V C-dimension. Based on this result, the optimal mar gin algorithm minimizes

33
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.
w

u

u

u

u

l l

l

l
l {z | (w  z) + b = 0}.

(w  z) + b > 0.

(w  z) + b < 0.

{z | (w  z) + b = 0}.

{z | (c w  z) + cb = 0}.

Note:

=

for c =0

FIGURE 2.1: A sepa rating hyp erplane, written in terms of a w eight vecto r w and a threshold

b . Note that b y multiplying b oth w and b with the same nonzero constant, w e obtain the

same hyp erplane, rep resented in terms of di�erent pa rameters. Fig. 2.2 sho ws ho w to

eliminate this scaling freedom.

the V C-dimension for this class of decision functions (Sec. 2.1.2). This algorithm is

then generalized in t w o steps in order to obtain SV mac hines: nonseparable classi�ca-

tion problems are dealt with in Sec. 2.1.3, and nonlinear decision functions, retaining

the V C-dimension b ound, are describ ed in Sec. 2.1.4.

T o b e able to utilize the results of Sec. 1.3, w e shall form ulate the algorithm in

terms of dot pro ducts in some space F . Initially , w e think of F as the input space.

In Sec. 2.1.4, w e will substitute k ernels for dot pro ducts, in whic h case F b ecomes a

feature space nonlinearly related to input space.

2.1.1 A Structure on the Set of Hyp erplanes

Eac h particular c hoice of a structure (1.8) giv es rise to a learning algorithm, consisting

of p erforming Structural Risk Minimization in the giv en structure of sets of functions.

The SV algorithm is based on a structure on the set of separating h yp erplanes.

T o describ e it, �rst note that giv en a dot pro duct space F and a set of pattern

v ectors z

1

; : : : ; z

r

2 F ; an y h yp erplane can b e written as

f z 2 F : ( w � z ) + b = 0 g : (2.1)

In this form ulation, w e still ha v e the freedom to m ultiply w and b with the same

nonzero constan t (Fig. 2.1). Ho w ev er, the h yp erplane corresp onds to a c anonic al pair
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.
w

u

u

u

u

l l

l

l
l {z | (w  z) + b = 0}.

{z | (w  z) + b = - 1}.
{z | (w  z) + b = +1}.

x2
x1

Note:

(w  z1) + b = +1
(w  z2) + b = -1

=>       (w  (z1-z 2)) =   2

=> (z1-z 2)   =
w

||w||( )

.

.

.

. 2
||w||

FIGURE 2.2: By requiring the scaling of w and b to b e such that the p oint(s) closest to the

hyp erplane satisfy j ( w � z

i

) + b j = 1 , w e obtain a canonical fo rm ( w ; b ) of a hyp erplane (cf.

Fig. 2.1). Note that in this case, the ma rgin, measured p erp endicula rly to the hyp erplane,

equals 2 = k w k , which can b e seen b y considering t w o opp osite p oints which p recisely satisfy

j ( w � z

i

) + b j = 1 .

( w ; b ) 2 F � R if w e additionally require

min

i =1 ;::: ;r

j ( w � z

i

) + b j = 1 ; (2.2)

i.e. that the scaling of w and b b e suc h that the p oin t closest to the h yp erplane has

a distance of 1 = k w k (Fig. 2.2).

1

Th us, the margin b et w een the t w o classes, measured

p erp endicular to the h yp erplane, is at least 2 = k w k . The p ossibilit y of in tro ducing a

structure on the set of h yp erplanes is based on the follo wing result (V apnik, 1995b):

Prop osition 2.1.1 L et R b e the r adius of the smal lest b al l B

R

( a ) = f z 2 F : k z �

a k < R g ( a 2 F ) c ontaining the p oints z

1

; : : : ; z

r

, and let

f

w ;b

= sgn (( w � z ) + b ) (2.3)

b e c anonic al hyp erplane de cision functions de�ne d on these p oints. Then the set f f

w ;b

:

k w k � A g has a V C-dimension h satisfying

h < R

2

A

2

+ 1 : (2.4)

1

The condition (2.2) still allo ws t w o suc h pairs: giv en a canonical h yp erplane ( w ; b ), another one

satisfying (2.2) is giv en b y ( � w ; � b ). Ho w ev er, w e do not mind this remaining am biguit y: �rst, the

follo wing Prop osition only mak es use of k w k , whic h coincides in b oth cases, and second, these t w o

h yp erplanes corresp ond to di�eren t decision functions sgn (( w � z ) + b ).
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Note. Dropping the condition k w k � A leads to a set of functions whose V C-dimension

equals N

F

+ 1, where N

F

is the dimensionalit y of F. Due to k w k � A , w e can get

V C-dimensions whic h are m uc h smaller than N

F

, enabling us to w ork in v ery high

dimensional spaces | remem b er that the risk b ound (1.5) do es not explicitely dep end

up on N

F

, but on the V C-dimension.

T o mak e Prop osition 2.1.1 in tuitiv ely plausible, note that due to the in v erse pro-

p ortionalit y of margin and k w k , (2.4) essen tially states that b y requiring a large lo w er

b ound on the margin (i.e. a small A ), w e obtain a small V C-dimension. Con v ersely , b y

allo wing for separations with small margin, w e can p oten tially separate a m uc h larger

class of problems (i.e. a larger class of p ossible lab ellings of the training data, cf. the

de�nition of the V C-dimension, follo wing (1.6)).

Recalling that (1.5) tells us to k eep b oth the training error and the V C-dimension

small in order to ac hiev e high generalization abilit y , w e conclude that h yp erplane deci-

sion functions should b e constructed suc h that they maximize the margin, and at the

same time separate the training data with as few exceptions as p ossible. Sections 2.1.2

and 2.1.3 will deal with these t w o issues, resp ectiv ely .

2.1.2 Optimal Ma rgin Hyp erplanes

Supp ose w e are giv en a set of examples ( z

1

; y

1

) ; : : : ; ( z

`

; y

`

) ; z

i

2 F ; y

i

2 f� 1 g , and

w e w an t to �nd a decision function f

w ;b

= sgn (( w � z ) + b ) with the prop ert y

f

w ;b

( z

i

) = y

i

; i = 1 ; : : : ; `: (2.5)

If this function exists (the nonseparable case shall b e dealt with in the next section),

canonicalit y (2.2) implies

y

i

� (( z

i

� w ) + b ) � 1 ; i = 1 ; : : : ; `: (2.6)

As an aside, note that out of the t w o canonical forms of the same h yp erplane ( w ; b ),

( � w ; � b ), only one will satisfy equations (2.5) and (2.6). The existence of class lab els

th us allo ws to distinguish t w o orien tations of a h yp erplane.

F ollo wing Prop osition 2.1.1, a separating h yp erplane whic h generalizes w ell can

th us b e found b y minimizing

� ( w ) =

1

2

k w k

2

(2.7)

sub ject to (2.6). T o solv e this con v ex optimization problem, one in tro duces a La-

grangian

L ( w ; b; � ) =

1

2

k w k

2

�

`

X

i =1

�

i

( y

i

(( z

i

� w ) + b ) � 1) (2.8)

with m ultipliers �

i

� 0. The Lagrangian L has to b e maximized with resp ect to �

i
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and minimized with resp ect to w and b . The condition that at the saddle p oin t, the

deriv ativ es of L with resp ect to the primal v ariables m ust v anish,

@

@ b

L ( w ; b; � ) = 0 ;

@

@ w

L ( w ; b; � ) = 0 ; (2.9)

leads to

`

X

i =1

�

i

y

i

= 0 (2.10)

and

w =

`

X

i =1

�

i

y

i

z

i

: (2.11)

The solution v ector th us has an expansion in terms of training examples. Note that al-

though the solution w is unique (due to the strict con v exit y of (2.7), and the con v exit y

of (2.6)), the co e�cien ts �

i

need not b e.

According to the Kuhn-T uc k er theorem of optimization theory (e.g. Bertsek as,

1995), at the saddle p oin t only those Lagrange m ultipliers �

i

can b e nonzero whic h

corresp ond to constrain ts (2.6) whic h are precisely met, i.e.

�

i

� [ y

i

(( z

i

� w ) + b ) � 1] = 0 ; i = 1 ; : : : ; `: (2.12)

The patterns z

i

for whic h �

i

> 0 are called Supp ort V e ctors .

2

According to (2.12), they lie exactly at the margin.

3

All remaining examples of the

training set are irrelev an t: their constrain t (2.6) is satis�ed automatically , and they

do not app ear in the expansion (2.11).

4

This leads directly to an upp er b ound on the generalization abilit y of optimal mar-

gin h yp erplanes: supp ose w e use the lea v e-one-out metho d to estimate the exp ected

test error (e.g. V apnik, 1979). If w e lea v e out a pattern z

i

�

and construct the solution

from the remaining patterns, there are sev eral p ossibilities (cf. (2.6)):

2

This terminology is related to corresp onding terms in the theory of con v ex sets, relev an t to con v ex

optimization (e.g. Luen b erger, 1973; Bertsek as, 1995). Giv en an y b oundary p oin t of a con v ex set C ,

there alw a ys exists a h yp erplane separating the p oin t from the in terior of the set. This is called a

supp orting hyp erplane .

SVs do lie on the b oundary of the con v ex h ulls of the t w o classes, th us they p ossess supp orting

h yp erplanes. The SV optimal h yp erplane is the h yp erplane whic h lies in the middle of the t w o parallel

supp orting h yp erplanes (of the t w o classes) with maxim um distance.

Vice v ersa, from the optimal h yp erplane one can obtain supp orting h yp erplanes for all SVs of b oth

classes b y shifting it b y 1 = k w k in b oth directions.

3

Note that this implies that the solution ( w ; b ), where b is computed using the fact that y

i

(( w �

z

i

) + b ) = 1 for SVs, is in canonical form with resp ect to the training data. (This mak es use of the

reasonable assumption that the training set con tains b oth p ositiv e and negativ e examples.)

4

In a statistical mec hanics framew ork, Anlauf and Biehl (1989) ha v e put forw ard a similar argu-

men t for the optimal stabilit y p erceptron, also computed b y con trained optimization.
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1. y

i

�

� (( z

i

�

� w ) + b ) > 1, i.e. the pattern is classi�ed correctly and do es not lie on

the margin. These are patterns that w ould not ha v e b ecome Supp ort V ectors

an yw a y .

2. y

i

�

� (( z

i

�

� w ) + b ) = 1, i.e. z

i

�

exactly meets the constrain t (2.6). In that case,

the solution w do es not c hange, ev en though the co e�cien ts �

i

in the dual

form ulation of the optimization problem migh t c hange: namely , if z

i

�

migh t

ha v e b ecome a Supp ort V ector (i.e. �

i

�

> 0) if it had b een k ept in the training

set. In that case, the fact that the solution is the same no matter whether z

i

�

is in the training set or not means that z

i

�

can b e written as

P

SVs

�

i

y

i

z

i

with

�

i

� 0. Note that this is not equiv alen t to sa ying that z

i

�

can b e written as

some linear com bination of the remaining Supp ort V ectors: since the sign of the

co e�cien ts in the linear com bination is determined b y the class of the resp ectiv e

pattern, not an y linear com bination will do. Strictly sp eaking, z

i

�

m ust lie in

the cone spanned b y the y

i

z

i

, where z

i

are all Supp ort V ectors.

5

3. 1 > y

i

�

� (( z

i

�

� w ) + b ) > 0, i.e. z

i

�

lies within the margin, but still on the correct

side of the decision b oundary . In that case, the solution lo oks di�eren t from the

one obtained if z

i

�

w as in the training set (for, in that case, z

i

�

w ould satisfy

(2.6) after training), but classi�cation is nev ertheless correct.

4. 0 > y

i

�

� (( z

i

�

� w ) + b ) . In that case, z

i

�

will b e classi�ed incorrectly .

Note that the cases 3 and 4 necessarily corresp ond to examples whic h w ould ha v e

b ecome SVs if k ept in the training set; case 2 p oten tially includes suc h cases. Ho w ev er,

only case 4 leads to an error in the lea v e-one-out pro cedure. Consequen tly , w e ha v e

the follo wing result on the generalization error of optimal margin classi�ers (V apnik

and Cherv onenkis, 1974):

6

Prop osition 2.1.2 The exp e ctation of the numb er of Supp ort V e ctors obtaine d during

tr aining on a tr aining set of size ` , divide d by ` � 1 , is an upp er b ound on the exp e cte d

pr ob ability of test err or.

A sharp er b ound can b e form ulated b y making a further distinction in case 2, b et w een

SVs that m ust o ccur in the solution, and those that can b e expressed in terms of the

other SVs (V apnik and Cherv onenkis, 1974).

Substituting the conditions for the extrem um, (2.10) and (2.11), in to the La-

grangian (2.8), one deriv es the dual form of the optimization problem: maximize

W ( � ) =

`

X

i =1

�

i

�

1

2

`

X

i;j =1

�

i

�

j

y

i

y

j

( z

i

� z

j

) (2.13)

5

P ossible non-uniquenesses of the solution's expansion in terms of SVs are related to zero Eigen v al-

ues of K

ij

= y

i

y

j

k ( x

i

; x

j

), cf. Prop osition 1.3.4. Note, ho w ev er, the ab o v e ca v eat on the distinction

b et w een linear com binations and linear com binations with co e�cien ts of �xed sign.

6

It also holds for the generalized v ersions of optimal margin classi�ers explained in the follo wing

sections.
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sub ject to the constrain ts

�

i

� 0 ; i = 1 ; : : : ; `; (2.14)

`

X

i =1

�

i

y

i

= 0 : (2.15)

On substitution of the expansion (2.11) in to the decision function (2.3), w e obtain an

expression whic h can b e ev aluated in terms of dot pro ducts b et w een the pattern to b e

classi�ed and the Supp ort V ectors,

f ( z ) = sgn

 

`

X

i =1

�

i

y

i

( z � z

i

) + b

!

: (2.16)

It is in teresting to note that the solution has a simple ph ysical in terpretation

(Burges and Sc h• olk opf, 1997). If w e assume that eac h Supp ort V ector z

j

exerts a

p erp endicular force of size �

j

and sign y

j

on a solid plane sheet lying along the h yp er-

plane w � z + b = 0, then the solution satis�es the requiremen ts of mec hanical stabilit y .

The constrain t (2.15) translates in to the forces on the sheet summing to zero; and

(2.11) implies that the torques z

i

� �

i

y

i

w = k w k also sum to zero. This mec hanical

analogy illustrates the ph ysical meaning of the term Supp ort V ector.

2.1.3 Soft Ma rgin Hyp erplanes

In practice, a separating h yp erplane often do es not exist. T o allo w for the p ossibilit y

of examples violating (2.6), Cortes and V apnik (1995) in tro duce slac k v ariables

�

i

� 0 ; i = 1 ; : : : ; `; (2.17)

and use relaxed separation constrain ts (cf. (2.6))

y

i

(( z

i

� w ) + b ) � 1 � �

i

; i = 1 ; : : : ; `: (2.18)

The SV approac h to minimizing the guaran teed risk b ound (1.5) consists of the fol-

lo wing: minimize

� ( w ; � ) =

1

2

k w k

2

+ 


`

X

i =1

�

i

(2.19)

sub ject to the constrain ts (2.17) and (2.18) (cf. (2.7)). Due to (2.4), minimizing the

�rst term is related to minimizing the V C-dimension of the considered class of learning

mac hines, thereb y minimizing the second term of the b ound (1.5) (it also amoun ts to

maximizing the separation margin, cf. the remark follo wing (2.2), and Fig. 2.2). The

term

P

`

i =1

�

i

, on the other hand, is an upp er b ound on the n um b er of misclassi�cations

on the training set (cf. (2.18)) | this con trols the empirical risk term in (1.5). F or a
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suitable p ositiv e constan t 
 , this approac h therefore constitutes a practical implemen-

tation of Structural Risk Minimization on the giv en set of functions.

7

Note, ho w ev er,

that

P

`

i =1

�

i

is signi�can tly larger than the n um b er of errors if man y of the �

i

attain

large v alues, i.e. if the classes to b e separated strongly o v erlap, for instance due to

noise. In these cases, there is no guaran tee that the h yp erplane will generalize w ell.

As in the separable case (2.11), the solution can b e sho wn to ha v e an expansion

w =

`

X

i =1

�

i

y

i

z

i

; (2.20)

where nonzero co e�cien ts �

i

can only o ccur if the corresp onding example ( z

i

; y

i

) pre-

cisely meets the constrain t (2.18). The co e�cien ts �

i

are found b y solving the follo wing

quadratic programming problem: maximize

W ( � ) =

`

X

i =1

�

i

�

1

2

`

X

i;j =1

�

i

�

j

y

i

y

j

( z

i

� z

j

) (2.21)

sub ject to the constrain ts

0 � �

i

� 
 ; i = 1 ; : : : ; `; (2.22)

`

X

i =1

�

i

y

i

= 0 : (2.23)

2.1.4 Nonlinea r Supp o rt V ecto r Machines

Although w e ha v e already in tro duced the concept of Supp ort V ectors, one crucial

ingredien t of SV mac hines in their full generalit y is still missing: to allo w for m uc h

more general decision surfaces, one can �rst nonlinearly transform a set of input v ectors

x

1

; : : : ; x

`

in to a high-dimensional feature space b y a map � : x

i

7! z

i

and then do a

linear separation there.

Note that in all of the ab o v e, w e made no assumptions on the dimensionalit y of

F . W e only required F to b e equipp ed with a dot pro duct. The patterns z

i

that w e

talk ed ab out in the previous sections th us need not coincide with the input patterns.

They can equally w ell b e the results of mapping the original input patterns x

i

in to a

high-dimensional feature space.

Maximizing the target function (2.21) and ev aluating the decision function (2.16)

then requires the computation of dot pro ducts (�( x ) � �( x

i

)) in a high-dimensional

space. Under Mercer's conditions, giv en in Prop osition 1.3.2, these exp ensiv e calcula-

tions can b e reduced signi�can tly b y using a suitable function k suc h that

(�( x ) � �( x

i

)) = k ( x ; x

i

) ; (2.24)

7

It sligh tly deviates from the Structural Risk Minimization (SRM) Principle in that (a) it do es

not use the b ound (1.5), but a related quan tit y (2.19) whic h can b e minimized e�cien tly , and (b) the

SRM Principle strictly sp eaking requires the structure of sets of functions to b e �xed a priori. F or

more details, cf. V apnik (1995b); Sha w e-T a ylor, Bartlett, Williamson, and An thon y (1996).
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m

F

F: R2 R3

x1 x2

w1
w2 w3

f (x)

input space

feature space2 x1x2 x1
2 x2

2

f (x)=sgn (w1x1+w2x2+w3  2 x1x2+b)2 2

FIGURE 2.3: By mapping the input data (top left) nonlinea rly (via � ) into a higher-

dimensional feature space F (here: R

3

), and constructing a sepa rating hyp erplane there

(b ottom left) , an SV machine (top right) co rresp onds to a nonlinea r decision surface in

input space (here: R

2

, b ottom right ).

leading to decision functions of the form

f ( x ) = sgn

 

`

X

i =1

y

i

�

i

� k ( x ; x

i

) + b

!

: (2.25)

Consequen tly , ev erything that has b een said ab out the linear case also applies

to nonlinear cases obtained b y using a suitable k ernel k instead of the Euclidean

dot pro duct (Fig. 2.3). By using di�eren t k ernel functions, the SV algorithm can

construct a v ariet y of learning mac hines (Fig. 2.4), some of whic h coincide with classical

arc hitectures:
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S  f(x)=  sgn  ( + b)

input vector x

classification

comparison:  e.g.k k k k

support vectors
       x 1 

... x 4

weightsl 1 l 2  l 3  l 4

k(x,x i)=exp(-||x- x i||
2 / c)

k(x,x i)=tanh(k(x.x i)+q)

k(x,x i)=(x.x i)
d

f(x)=  sgn  ( S l i k(x,x i) + b)
i

FIGURE 2.4: Architecture of SV machines. The k ernel function k is chosen a p rio ri; it

determines the t yp e of classi�er (e.g. p olynomial classi�er, radial basis function classi�er,

o r neural net w o rk). All other pa rameters (numb er of hidden units, w eights, threshold b )

a re found during training b y solving a quadratic p rogramming p roblem. The �rst la y er

w eights x

i

a re a subset of the training set (the Supp o rt V ecto rs); the second la y er w eights

�

i

= y

i

�

i

a re computed from the Lagrange multipliers (cf. (2.25)).

P olynomial classi�ers of degree d :

k ( x ; x

i

) = ( x � x

i

)

d

(2.26)

Radial basis function classi�ers:

k ( x ; x

i

) = exp

�

�k x � x

i

k

2

=c

�

(2.27)

Neural net w orks:

k ( x ; x

i

) = tanh( � � ( x � x

i

) + �) (2.28)

T o �nd the decision function (2.25), w e maximize (cf. (2.21))

W ( � ) =

`

X

i =1

�

i

�

1

2

`

X

i;j =1

�

i

�

j

y

i

y

j

k ( x

i

; x

j

) (2.29)
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sub ject to the constrain ts (2.22) and (2.23). Since k is required to satisfy Mercer's

conditions, it corresp onds to a dot pro duct in another space (2.24), th us K

ij

:=

( y

i

y

j

k ( x

i

; x

j

))

ij

is a p ositiv e matrix, pro viding us with a problem that can b e solv ed

e�cien tly . T o see this, note that (cf. Prop osition 1.3.4)
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for all � 2 R

`

.

T o compute the threshold b , one tak es in to accoun t that due to (2.18), for Supp ort

V ectors x

j

for whic h �

j

= 0, w e ha v e

`

X

i =1

y

i

�

i

� k ( x

j

; x

i

) + b = y

j

: (2.31)

Th us, the threshold can for instance b e obtained b y a v eraging

b = y

j

�

`

X

i =1

y

i

�

i

� k ( x

j

; x

i

) (2.32)

o v er all Supp ort V ectors x

j

(i.e. 0 < �

j

) with �

j

< 
 .

Figure 2.5 sho ws ho w a simple binary to y problem is solv ed b y a Supp ort V ector

mac hine with a radial basis function k ernel (2.27).

2.1.5 SV Regression Estimation

This thesis is primarily concerned with pattern recognition. Nev ertheless, w e brie
y

men tion the case of SV regression (V apnik, 1995b; Smola, 1996; V apnik, Golo wic h,

and Smola, 1997). T o estimate a linear regression (Fig. 2.6)

f ( z ) = ( w � z ) + b (2.33)

with precision " , one minimizes

� ( w ; � ; �

�

) =

1

2

k w k
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) (2.34)

sub ject to
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) + b ) � y
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(2.36)
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44 CHAPTER 2. SUPPORT VECTOR MA CHINES

FIGURE 2.5: Example of a Supp o rt V ecto r classi�er found b y using a radial basis function

k ernel k ( x ; y ) = exp ( �k x � y k

2

) . Both co o rdinate axes range from -1 to +1. Circles

and disks a re t w o classes of training examples; the middle line is the decision surface; the

outer lines p recisely meet the constraint (2.6). Note that the Supp o rt V ecto rs found b y

the algo rithm (ma rk ed b y extra circles) a re not centers of clusters, but examples which a re

critical fo r the given classi�cation task (cf. Sec. 2.5). Grey values co de the mo dulus of

the a rgument

P

`

i =1

y

i

�

i

� k ( x ; x

i

) + b of the decision function (2.25). (F rom Sch• olk opf,

Burges, and V apnik (1996a).)

for all i = 1 ; : : : ; ` .

Generalization to nonlinear regression estimation is carried out using k ernel func-

tions, in complete analogy to the case of pattern recognition. A suitable c hoice of

the k ernel function then allo ws the construction of m ulti-dimensional splines (V apnik,

Golo wic h, and Smola, 1997).

Di�eren t t yp es of loss functions can b e utilized to cop e with di�eren t t yp es of noise

in the data (M • uller, Smola, R• atsc h, Sc h• olk opf, Kohlmorgen, and V apnik, 1997; Smola

and Sc h• olk opf, 1997b).

2.1.6 Multi-Class Classi�cation

T o get k -class classi�ers , w e construct a set of binary classi�ers f

1

; : : : ; f

k

, eac h trained

to separate one class from the rest, and com bine them b y doing the m ulti-class clas-

si�cation according to the maximal output b efore applying the sgn function, i.e. b y
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FIGURE 2.6: In SV regression, a desired accuracy " is sp eci�ed a p rio ri. It is then attempted

to �t a tub e with radius " to the data. The trade-o� b et w een mo del complexit y and p oints

lying outside of the tub e (with p ositive slack va riables � ) is determined b y minimizing

(2.34).

taking

argmax

j =1 ;::: ;k

g

j

( x ) ; where g

j

( x ) =

`

X
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y

i

�

j

i

� k ( x ; x

i

) + b

j

(2.38)

(note that f

j

( x ) = sgn ( g

j

( x )), cf. (2.25)). The v alues g

j

( x ) can also b e used for

reject decisions (e.g. Bottou et al., 1994), for instance b y considering the di�erence

b et w een the maxim um and the second highest v alue as a measure of con�dence in the

classi�cation.

In the follo wing sections, w e shall rep ort exp erimen tal results obtained with the SV

algorithm. W e used the Supp ort V ector algorithm with standard quadratic program-

ming tec hniques

8

to construct p olynomial, radial basis function and neural net w ork

classi�ers. This w as done b y c ho osing the k ernels (2.26), (2.27), (2.28) in the decision

function (2.25) and in the function (2.29) to b e maximized under the constrain ts (2.22)

and (2.23). W e shall start with ob ject recognition exp erimen ts (Sec. 2.2), and then

mo v e to handwritten digit recognition (Sec. 2.3).

8

An existing implemen tation at A T&T Bell Labs w as used, largely programmed b y L. Bottou,

C. Burges, and C. Cortes.
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FIGURE 2.7: Examples from the entry level (top) and animal (b ottom) databases. Left :

rendered views of t w o 3-D mo dels; right : 16 � 16 do wnsampled images, and four 16 � 16

do wnsampled edge detection patterns.

2.2 Object Recognition Results

2.2.1 Entry-Level and Animal Recognition

F or purp oses of psyc hoph ysical and computational studies, the ob ject recognition

group at the Max-Planc k-Institut f • ur biologisc he Kyb ernetik has compiled three data-

bases of rendered 3D CAD mo dels. The entry level datab ase (see App endix A for

snapshots and further description) comprises views of 25 3-D ob ject mo dels, whic h

in psyc hoph ysical exp erimen ts w ere found to b elong to di�eren t en try lev el categories

(Liter et al., 1997). Ob jects tend to get iden ti�ed b y h umans �rst at a particular lev el

of abstraction whic h is neither the most general nor the most sp eci�c, e.g. an ob ject

migh t b e iden ti�ed �rst as an apple, rather than as a piece of fruit or as a co x orange.

F or a discussion of this concept, referred to as en try (or basic) lev el, see (Jolico eur,

Gluc k, and Kosslyn, 1984; Rosc h, Mervis, Gra y , Johnson, and Bo y es-Braem, 1976).

In sub or dinate level recognition, on the other hand, �ner distinctions b et w een ob jects

sharing the same en try lev el b ecome relev an t, as for instance those b et w een di�eren t

t yp es of birds con tained in the second database, the animal datab ase (App endix A).

It should b e noted, ho w ev er, that the animal database do es not p ose a purely sub or-

dinate lev el recognition task, since man y of its animals are also distinct on the en try

lev el. The third MPI database, con taining 25 c hairs, ho w ev er, can b e considered a

sub ordinate lev el database. W e will use this one in Sec. 2.2.2.

In order to recognize the ob jects from all orien tations of the upp er viewing hemi-

sphere, a fairly complex decision surface in high-dimensional space m ust b e learn t.

The ob jects w ere realistically rendered and then do wnsampled. Compared to man y

real-w orld databases, the database should b e considered as con taining relativ ely lit-

tle noise; in particular, they do not con tain wrongly lab eled patterns. Under these
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circumstances, w e reasoned that it should b e p ossible to separate the data with zero

training error ev en with mo derate classi�er complexit y , and w e decided to determine

the v alue of the constan t 
 (cf. (2.19)) b y the follo wing heuristic: out of all v alues 10

n

,

with in teger n , w e c hose the smallest one whic h made the problem separable. On the

en try lev el databases, this led to 
 = 1000, on the animal databases, to 
 = 100. Of

b oth databases, w e used 12 v arian ts, obtained b y

� c ho osing one of three database sizes: 25, 89, (regularly spaced) or 100 (random,

uniformly distributed) views p er ob ject;

� c ho osing either grey-scale images or binarized silhouette images (b oth in do wn-

sampled v ersions); and

� using just 16 � 16 resolution images, obtained from the original images b y do wn-

sampling, or additionally four more 16 � 16 patterns, con taining do wnsampled

v ersions of edge detection results obtained from the original images. Note that

in the latter case, the resulting 1280-dimensional v ectors con tain information

whic h is not con tained in the 16 � 16 images, since the edge detection, in v olv-

ing a (nonlinear) mo dulus op eration, is done b efor e do wnsampling (cf. Blanz,

Sc h• olk opf, B • ultho�, Burges, V apnik, and V etter, 1996).

F or more details on the databases, see (Liter et al., 1997), and App endix A. Example

images of the original mo dels, and of the do wnsampled images and edge detection

patterns for the en try lev el and the animal databases are giv en Fig. 2.7.

W e trained p olynomial SV mac hines on these 25-class recognition tasks, and ob-

tained accuracies whic h in some cases exceeded 99% (see T able 2.1). A few asp ects of

the results deserv e b eing p oin ted out:

P erfo rmance. The highest recognition rates w ere obtained using p olynomial SV clas-

si�ers of degrees around 20; ho w ev er, w e found no pronounced minim um. Generally ,

al l of the higher degrees a�orded high accuracies. The regularly spaced 89-view-p er-

ob ject set led to higher accuracies than the random 100-view-p er-ob ject set. This

suggests that regular spacing of the views on the viewing sphere corresp onds to a

useful spacing of the knots (or cen ters) of the appro ximating functions in R

N

. Edge

detection information signi�can tly cuts errors rates, in man y cases b y a factor of t w o

or more. Generally , accuracies w ere higher for grey-scale images than they w ere for sil-

houettes. The di�erences, ho w ev er, w ere not large: high accuracies w ere also obtained

for silhouettes. T o understand this, w e ha v e to note that the thresholding op eration

used to pro duce silhouettes w as applied to the original high-resolution images, and

not to the do wnsampled v ersions. After do wnsampling, this yields gr ey-sc ale images

whose grey v alues do not co de grey v alues in the original image, ho w ev er, they do still

co de useful information on the high-r esolution ob ject silhouettes.



48 CHAPTER 2. SUPPORT VECTOR MA CHINES

T ABLE 2.1: Object recognition test erro r rates on di�erent databases of 25 objects, using

p olynomial SV classi�ers of va rying degrees. The training sets containing 25 and 89 views

p er object w ere regula rly spaced; those with 100 views w ere distributed unifo rmly . T esting

w as done on an indep endent test set of 100 random views p er object. All views w ere tak en

from the upp er viewing hemisphere. F o r further discussion, see Sec. 2.2.1.

degree: 1 3 6 9 12 15 20 25

en try lev el:

25 grey scale 26.0 17.7 15.4 13.9 13.1 13.0 13.0 14.6

89 grey scale 14.5 3.4 2.4 2.0 1.8 1.8 1.8 2.1

100 grey scale 17.1 5.6 4.2 3.5 3.2 2.8 2.4 2.8

25 silhouettes 27.1 19.6 17.9 16.7 16.2 15.6 15.4 16.3

89 silhouettes 17.2 4.3 3.3 2.7 2.5 2.2 2.2 2.8

100 silhouettes 18.2 6.9 5.4 4.8 4.2 4.0 4.0 4.7

en try lev el with edge detection:

25 grey scale 9.0 8.0 6.7 5.8 5.5 5.3 4.9 5.6

89 grey scale 1.9 1.2 0.8 0.7 0.6 0.5 0.4 0.4

100 grey scale 3.5 2.3 1.8 1.5 1.3 1.1 1.1 1.0

25 silhouettes 9.4 8.2 7.6 7.0 6.6 6.5 6.1 6.0

89 silhouettes 2.4 1.7 1.2 0.8 0.6 0.5 0.5 0.4

100 silhouettes 3.8 3.0 2.6 2.5 2.5 2.4 2.3 2.2

animals:

25 grey scale 31.6 20.4 15.9 14.8 13.8 13.4 13.0 13.8

89 grey scale 21.8 5.6 3.2 2.5 2.0 1.7 1.7 2.0

100 grey scale 24.5 8.8 5.8 5.2 5.0 4.7 4.8 4.4

25 silhouettes 34.4 22.4 18.2 17.0 16.4 15.6 15.8 16.4

89 silhouettes 27.0 7.4 3.8 2.8 2.5 2.5 2.2 2.8

100 silhouettes 29.1 11.0 7.4 6.3 5.8 5.4 5.2 5.7

animals with edge detection:

25 grey scale 11.8 9.0 7.9 7.2 6.9 6.8 6.4 6.4

89 grey scale 3.2 1.5 1.1 1.0 0.9 0.9 0.8 0.8

100 grey scale 4.7 3.3 2.7 2.2 2.2 2.0 2.0 2.0

25 silhouettes 12.1 9.9 8.8 8.0 7.6 7.5 7.0 7.1

89 silhouettes 3.7 2.0 1.3 1.2 1.1 1.2 1.1 1.1

100 silhouettes 5.4 4.0 3.2 3.1 3.0 2.9 2.7 2.6
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T ABLE 2.2: Numb ers of SVs fo r the object recognition systems of T able 2.1, on di�erent

databases of 25 objects, using p olynomial SV classi�ers of va rying degrees. The training

sets containing 25 and 89 views p er object w ere regula rly spaced; the ones with 100 views

w ere distributed unifo rmly . The numb ers of SVs a re averages over all 25 bina ry classi�ers

sepa rating one object from the rest; they should b e seen in relation to the size of the

training set, which fo r the ab ove numb ers of views p er objects w as 625, 2225, and 2500,

resp ectively . The given numb ers of SVs thus amount to roughly 10% of the database sizes.

F o r the silhouette databases, the numb ers (not sho wn here) a re very simila r, only slightly

bigger.

degree: 1 3 6 9 12 15 20 25

en try lev el:

25 grey scale 86 74 71 70 72 74 79 92

89 grey scale 219 148 132 128 128 133 144 165

100 grey scale 206 139 121 117 119 122 135 158

en try lev el with edge detection:

25 grey scale 73 74 77 79 84 87 91 99

89 grey scale 126 119 125 130 137 145 151 161

100 grey scale 123 115 120 125 129 133 143 153

animals:

25 grey scale 108 96 89 90 91 95 100 112

89 grey scale 231 196 180 177 178 183 193 208

100 grey scale 235 196 176 169 169 174 185 199

animals with edge detection:

25 grey scale 101 92 93 99 103 107 117 128

89 grey scale 183 170 172 180 188 198 212 227

100 grey scale 187 171 172 177 182 191 201 215

Supp o rt V ecto rs. The n um b ers of SVs (T able 2.2) of the individual recognizers for

eac h ob ject mak e up ab out 5% � 15% of the whole databases. The fraction decreases

with increasing database size.

F or p olynomial mac hines of degree 1 (i.e. separating h yp erplanes in input space),

the problem is not separable. In that case, all training errors sho w up as SVs (cf.

(2.18)), causing a fairly large n um b er of SVs. F or degrees higher than 1, the n um b er

of SVs sligh tly increases with increasing p olynomial degree. Ho w ev er, the increase is

rather mo derate, compared with the increase of the dimensionalit y of the feature space

that w e are implicitely w orking on (cf. Sec. 1.3). In terestingly , the n um b er of SVs do es
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FIGURE 2.8: Angula r distribution of the viewing angles of those training views which

b ecame SVs, fo r a p olynomial SV machine of degree 20 on the animal (left) and entry

level (right) databases (100 grey level views p er object, without edge detection). The

plotted distributions fo r azimuth (top) and elevation (b ottom) have b een no rmalized b y

the co rresp onding distributions in the training set (see Fig. A.1). It can b e seen that

SVs tend to o ccur mo re often fo r top, front and back views. In this and the follo wing

plots, views which b ecome SVs fo r mo re than one of the 25 bina ry recognizers a re counted

acco rding to their frequency of o ccurence. Consequently , there is no contradiction in the

overall numb er of SVs n exceeding the database size (2500).

not c hange m uc h if w e add edge detection information, ev en though this increases the

input dimensionalit y b y a factor of 5.

As eac h of the training examples is asso ciated with t w o viewing angles ( � ; � ) (cf.

App endix A), w e can lo ok at the angular distribution of SVs and errors. It is sho wn

in �gures 2.8 { 2.10, and, in more detail, in �gures B.2 { B.9 in the app endix (there,

w e also giv e an example of a full SV set of one of the binary recognizers, in Fig. B.1).

The densit y of SVs is increased at high p olar angles, i.e. for viewing the ob jects from

the top. Also, SVs tend to b e found more often for fron tal and bac k views than for

views closer to the side. T op, fron tal and bac k views t ypically are harder to classify

than views from more generic p oin ts of view (Blanz, 1995). W e can th us in terpret our
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�nding as an indication that the densit y of SVs is related to the lo cal complexit y of

the classi�cation surface, i.e. the lo cal di�cult y of the classi�cation task. Indeed, the

same qualitativ e b eha viour is found for the distribution of recognition errors (�gures

2.9 and 2.10).

There are sev eral factors con tributing to the di�cult y in classifying top, fron tal

and bac k views. First note that since most ob jects in our databases are bilaterally

symmetric, top, fron tal and bac k views con tain a large amoun t of redundancy . In

con trast, side views of symmetric ob jects con tain a maximal amoun t of information.

Moreo v er, man y ob jects in the databases ha v e their main axis of elongation roughly

aligned with the direction of the zero view ( � = 0 ; � = 0). Consequen tly , fron tal and

bac k views su�er the dra wbac k of sho wing a pro jection of a comparably small area.

As an aside, note that although the SVs liv e in a high-dimensional space, the

particular setup of the presen ted ob ject recognition exp erimen ts made it p ossible to

discuss the relationship b et w een the di�cult y of the task, the distribution of SVs, and

the distribution of errors. This is due to the lo w-dimensional parametrization of the

examples, arising from the pro cedure of generating the examples b y taking snapshots

at w ell-de�ned viewing p ositions.

The hop e that Supp ort V ectors are a useful means of analysing recognition tasks

will receiv e further supp ort in Sec. 2.4, where w e shall presen t results whic h sho w

that di�eren t t yp es of SV mac hines, obtained using di�eren t k ernel functions, lead to

largely the same Supp ort V ectors if trained on the same task.

Compa rison with Neural Net w o rks. T o ev aluate the p erformance of SV classi�ers

on this task, b enc hmark comparisons with other classi�ers need to b e carried out.

W e conducted a set of exp erimen ts using p erceptrons with one hidden la y er, endo w ed

with 400 hidden neurons, and h yp erb olic tangen t activ ation functions in hidden and

output neurons. The net w orks w ere trained b y bac k-propagation of mean squared error

(Rumelhart, Hin ton, and Williams, 1986; LeCun, 1985). W e used on-line (sto c hastic)

gradien t descen t, i.e. the w eigh ts w ere up dated after eac h pattern; training w as stopp ed

when the training error dropp ed b elo w 0 : 1%, or after 600 learning ep o c hs, whic hev er

o ccured earlier. Neither this pro cedure nor the net w ork design w as carefully optimized

for the task at hand, th us the results rep orted in the follo wing should b e seen as baseline

comparisons solely in tended to facilitate assessing the rep orted SV results.

9

9

By observing the dep endency of the test error on the n um b er of learning ep o c hs, w e w ere able to

see that the net w orks w ere not o v ertrained. In addition, exp erimen ts with smaller n um b ers of hidden

units ga v e w orse p erformance (larger net w orks w ere not used, for reasons of excessiv e training times),

hence the net w ork capacities did not seem to o large.

A full-
edged comparison b et w een SV mac hines and p erceptrons w ould tak e in to accoun t the fol-

lo wing issues in order to obtain optimized net w ork designs: instead of one fully connected hidden

la y er, more sophisticated ar chite ctur es use sev eral la y ers with shared w eigh ts, extracting features

of increasing complexit y and in v ariance, while still limiting the n um b er of free parameters. Other

r e gularization tec hniques useful for impro ving generalization include w eigh t deca y and pruning. Sim-

ilarly , e arly stopping can b e used to deal with issues of o v ertraining. The training pro cedure can b e

optimized b y using di�eren t err or functions and output functions (e.g. softmax). Finally , for small
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FIGURE 2.11: Left : rendered view of a 3-D mo del from the chair database; right : 16 � 16

do wnsampled image, and four 16 � 16 do wnsampled edge detection patterns.

F or the follo wing t w o reasons, w e c hose the small training set, with 25 views p er

ob ject. First, the error rates rep orted ab o v e for the large sets w ere already v ery lo w,

and di�erences in p erformance are th us more lik ely to b e signi�can t for the smaller

training sets. Second, training times of the neural net w orks w ere v ery long (in the

cases rep orted in the follo wing, they w ere longer than for SV mac hines b y more than

an order of magnitude).

On the 25 view-p er-ob ject training sets, w e obtained error rates of 17.3% and

21.4% on the en try lev el and animal databases, resp ectiv ely . Adding edge detection

information, the error rates dropp ed to 6.8%, and 11.2%, resp ectiv ely . Comparing

with the results in (2.1), w e note that SV mac hines in almost all cases p erformed

b etter. F urther p erformance comparisons b et w een SV mac hines and other classi�ers

are rep orted in the follo wing section.

2.2.2 Chair Recognition Benchma rk

In a set of exp erimen ts using the MPI chair datab ase (Fig. 2.11, App endix A), di�er-

en t view{based recognition algorithms w ere compared (Blanz et al., 1996). The SV

analysis for this case is less detailed than the one giv en in Sec. 2.2.1, ho w ev er, w e

decided also to rep ort these exp erimen ts, since they include further b enc hmark results

obtained with other classi�ers. The �rst one used orien ted �lters to extract features

whic h are robust with resp ect to small rigid transformations of the underlying 3-D

ob jects, follo w ed b y a decision stage based on comparisons with stored templates (for

details, see Blanz, 1995; V etter, 1994; Blanz et al., 1996). The second one, run as a

baseline b enc hmark, w as a p erceptron with one hidden la y er, trained b y error bac k-

propagation to minimize the mean squared error (for further details, see Sec. 2.2.1).

The third system w as a p olynomial Supp ort V ector mac hine (cf. (2.26)) with degree

d = 15 and 
 = 100.

10

In addition, w e rep ort results of Kressel (1996), who uti-

lized a fully quadratic p olynomial classi�er (Sc h • urmann, 1996) trained on the �rst 50

databases with little redundancy it is sometimes adv an tageous to use batc h up dates with conjugate

gradien t descen t, or using higher order deriv ativ es of the error function. F or details, see LeCun,

Boser, Denk er, Henderson, Ho w ard, Hubbard, and Jac k el (1989); Bishop (1995); Amari, Murata,

M • uller, Fink e, and Y ang (1997).

10

The latter w as c hosen as in Sec. 2.2.1. Note that these v alues di�er from those used in (Blanz

et al., 1996), whic h in some cases leads to di�eren t results.
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T ABLE 2.3: Recognition test erro r (in %) fo r the MPI chair database (App endix A) on

25 � 100 random test views from the upp er viewing hemisphere, fo r di�erent training

sets (viewing angles either regula rly spaced, o r unifo rmly distributed, on the upp er viewing

hemisphere; views w ere either just 16 � 16 images, o r images plus edge detection data), and

di�erent classi�ers: SV : Supp o rt V ecto r machine; MLP : fully connected p erceptron with

one hidden la y er of 400 neurons; OF : o riented �lter inva riant feature extraction, see text;

PC : quadratic p olynomial classi�er trained on the �rst 50 p rincipal comp onents (Kressel,

1996). Where ma rk ed with '{', results a re not available.

training set classi�er

input distribution views p er ob j. SV MLP OF PC

images+e.d. regul. spaced 25 5.0 8.8 5.4 {

images+e.d. regul. spaced 89 1.0 1.3 4.7 1.7

images+e.d. random 100 1.4 2.6 { {

images+e.d. random 400 0.3 { { 0.8

images regul. spaced 25 13.2 25.4 26.0 {

images regul. spaced 89 2.0 7.2 21.0 {

images random 100 4.5 7.5 { {

images random 400 0.6 { { {

principal comp onen ts of the images.

In all exp erimen ts, the Supp ort V ector mac hine exhibits the highest generalization

abilit y (T able 2.3). Considering that the images of a single ob ject can c hange drasti-

cally with viewp oin t (cf. App endix A), it seems that the Supp ort V ector mac hine is

b est in constructing a decision surface su�cien tly complex to separate the 25 classes of

c hairs. This, in turn, can b e related to the fact that SV mac hines use k ernel functions

to construct h yp erplanes in v ery high-dimensional feature spaces without o v er�tting.

Note, moreo v er, that this w as ac hiev ed with an SV mac hine whic h do es not utilize

prior information ab out the problem at hand. The orien ted �lter approac h, in con-

strast, do es use prior information ab out the pro cess b y whic h the images arose from

underlying 3-D ob jects. This kno wledge w as used to handcraft the robust features

used for recognition. The SV mac hine has to extract all information from the giv en

training data, making it understandable that its adv an tage o v er the orien ted �lter

system gets smaller for smaller training set sizes (T able 2.3). In Chapter 4, w e try to

deal with this shortcoming b y prop osing metho ds to incorp orate prior kno wledge in to

SV mac hines.

2.2.3 Discussion

Realistically rendered computer graphics images of ob jects pro vide a useful basis for

ev aluating ob ject recognition algorithms. This setup enabled us to study shap e re-
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cognition under con trolled conditions. Real-w orld recognition systems, ho w ev er, face

additional problems. F or instance, segmen tation of ob jects in cluttered scenes is a

problem not addressed in the ab o v e exp erimen ts. P artly , these additional problems

can b e out w eighed b y additional sources of information. Ob jects with di�eren t alb edo

and color w ould facilitate segmen tation and recognition signi�can tly .

The impact of noise, c haracteristic of man y real-life problems, should not b e to o

big, at least in the case where w e trained our systems on the image data only: in that

case, all the pro cessing is done in the lo w spatial frequency domain.

On all three databases, high recognition accuracies w ere rep orted. The highest

accuracies w ere obtained using the regularly spaced 89 view p er ob ject training sets,

and the edge detection data.

As the n um b er of classes w as 25 in all cases, w e can compare the p erformance

of the SV systems across tasks. It correlates with the in tuitiv e di�cult y of the tasks:

accuracies are highest for the en try lev el database, w ere the ob jects ha v e the largest dif-

ferences, follo w ed b y the animal database, and b y the sub ordinate lev el c hair database.

2.3 Digit Recognition Using Di�erent Kernels

Handwritten digit recognition has long serv ed as a test b ed for ev aluating and b enc h-

marking classi�ers (e.g. LeCun et al., 1989; Bottou et al., 1994; LeCun et al., 1995).

Th us, it is imp erativ e to ev aluate the SV metho d on some widely used digit recogni-

tion task. In the presen t c hapter, w e use the US P ostal Service (USPS) database for

this purp ose (App endix C). W e put particular emphasis on comparing di�eren t t yp es

of SV classi�ers obtained b y c ho osing di�eren t k ernels. W e rep ort results for p oly-

nomial k ernels (2.26), radial basis function k ernels (2.27), and sigmoid k ernels (2.28);

all of them w ere obtained with 
 = 10 (our default c hoice, used wherev er not stated

otherwise | cf. (2.19)).

Results for the three di�eren t k ernels are summarized in T able 2.4. In all three

cases, error rates around 4% can b e ac hiev ed. They should b e compared with v alues

ac hiev ed on the same database with a �v e-la y er neural net ( L eNet1 , LeCun, Boser,

Denk er, Henderson, Ho w ard, Hubbard, and Jac k el, 1989), 5.0%, a neural net with one

hidden la y er, 5.9%, and the h uman p erformance, 2.5% (Bromley and S• ac kinger, 1991).

Results of classical RBF mac hines, along with further reference results, are quoted in

Sec. 2.5.3.

The results sho w that the Supp ort V ector algorithm allo ws the construction of

v arious learning mac hines, all of whic h are p erforming w ell. The similar p erformance

for the three di�eren t functions k suggests that among these cases, the c hoice of the

set of decision functions is less imp ortan t than capacit y con trol in the c hosen t yp e of

structure. This phenomenon is w ell-kno wn for the P arzen densit y estimator in R

N

,

p ( x ) =

1

`

`

X

i =1

1

!

N

k

�

x � x

i

!

�

: (2.39)

There, it is of great imp ortance to c ho ose an appropriate v alue of the bandwidth
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T ABLE 2.4: P erfo rmance on the USPS set, fo r three di�erent t yp es of classi�ers, con-

structed with the Supp o rt V ecto r algo rithm b y cho osing di�erent functions k in (2.25) and

(2.29). Given a re ra w erro rs (i.e. no rejections allo w ed) on the test set. The no rmalization

facto r c = 1 : 04 in the sigmoid case is chosen such that c � tanh(2) = 1 . F o r each of

the ten-class-classi�ers, w e also sho w the average numb er of Supp o rt V ecto rs of the ten

t w o-class-classi�ers. The no rmalization facto rs of 256 a re tailo red to the dimensionalit y of

the data, which is 16 � 16 .

p olynomial: k ( x ; y ) = (( x � y ) = 256)

d

d 1 2 3 4 5 6 7

ra w error/% 8.9 4.7 4.0 4.2 4.5 4.5 4.7

a v. # of SVs 282 237 274 321 374 422 491

RBF: k ( x ; y ) = exp ( �k x � y k

2

= (256 c ))

c 4.0 2.0 1.2 0.8 0.5 0.2 0.1

ra w error/% 5.3 5.0 4.9 4.3 4.4 4.4 4.5

a v. # of SVs 266 240 233 235 251 366 722

sigmoid: k ( x ; y ) = 1 : 04 tanh (2( x � y ) = 256 + �)

� � 0.8 0.9 1.0 1.1 1.2 1.3 1.4

ra w error/% 6.3 4.8 4.1 4.3 4.3 4.4 4.8

a v. # of SVs 206 242 254 267 278 289 296

parameter ! for a giv en amoun t of data (e.g. H• ardle, 1990; Bishop, 1995). Similar

parallels can b e dra wn to the solution of ill-p osed problems (for a complete discussion,

see V apnik, 1995b).

2.4 Universalit y of the Supp o rt V ecto r Set

11

In the presen t section, w e rep ort empirical evidence that the SV set pro vides a no v el

p ossibilit y for extracting a small subset of a database whic h con tains all the information

necessary to solv e a giv en classi�cation task: using the Supp ort V ector algorithm to

train three di�eren t t yp es of handwritten digit classi�ers, w e observ ed that these t yp es

of classi�ers construct their decision surface from strongly o v erlapping y et small subsets

of the database.

Overlap of SV Sets. T o study the Supp ort V ector sets for three di�eren t t yp es of

SV classi�ers, w e used the optimal parameters on the USPS set according to T able 2.4.

11

Copyright notic e: the material in this section is based on the article \Extracting supp ort data

for a giv en task" b y B. Sc h• olk opf, C. Burges and V. V apnik, whic h app eared in: Pro ceedings, First

In ternational Conference on Kno wledge Disco v ery & Data Mining, pp. 252 { 257, 1995. AI I I Press.
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T ABLE 2.5: First ro w: total numb er of di�erent Supp o rt V ecto rs of three di�erent ten-

class-classi�ers (i.e. numb er of elements of the union of the ten t w o-class-classi�er Supp o rt

V ecto r sets) obtained b y cho osing di�erent functions k in (2.25) and (2.29); second ro w:

average numb er of Supp o rt V ecto rs p er t w o-class-classi�er (USPS database size: 7291).

P olynomial RBF Sigmoid

total # of SVs 1677 1498 1611

a v erage # of SVs 274 235 254

T ABLE 2.6: P ercentage of the Supp o rt V ecto r set of [column] contained in the supp o rt

set of [ro w]; fo r ten-class classi�ers (top) and bina ry recognizers fo r digit class 7 (b ottom)

(USPS set).

P olynomial RBF Sigmoid

P olynomial 100 93 94

RBF 83 100 87

Sigmoid 90 93 100

P olynomial RBF Sigmoid

P olynomial 100 84 93

RBF 89 100 92

Sigmoid 93 86 100

T ABLE 2.7: Compa rison of all three Supp o rt V ecto r sets at a time (USPS set). F o r each

of the (ten-class) classi�ers, \% intersection" gives the fraction of its Supp o rt V ecto r set

sha red with b oth the other t w o classi�ers. Out of a total of 1834 di�erent Supp o rt V ecto rs,

1355 a re sha red b y all three classi�ers; an additional 242 is common to t w o of the classi�ers.

P oly RBF tanh in tersection shared b y 2 union

no. of SVs 1677 1498 1611 1355 242 1834

% in tersection 81 90 84 100 { {

T able 2.5 sho ws that all three classi�ers use around 250 Supp ort V ectors p er t w o-class-

classi�er (less than 4% of the training set). The total n um b er of di�eren t Supp ort

V ectors of the ten-class-classi�ers is around 1600. The reason wh y it is less than 2500

(ten times the ab o v e 250) is the follo wing: a particular v ector that has b een used as a

p ositiv e SV (i.e. y

i

= +1 in (2.25)) for digit 7 migh t at the same time b e a negativ e

SV ( y

i

= � 1) for digit 1, sa y .

T ables 2.6 and 2.7 sho w that the Supp ort V ector sets of the di�eren t classi�ers ha v e
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T ABLE 2.8: SV set overlap exp eriments on the MNIST set (Fig. C.2), using the bina ry

recognizer fo r digit 0. T op three tables: p erfo rmances (on the 60000 element test set) and

numb ers of SVs fo r three di�erent k ernels and va rious pa rameter choices. The numb ers

of SVs, which should b e compa red to the database size, 60000, w ere used to select the

pa rameters fo r the SV set compa rison: to get a balanced compa rison of the di�erent

SV sets, w e decided to select pa rameter values such that the resp ective SV sets have

app ro ximately equal size (p olynomial degree d = 4 , radial basis function width c = 0 : 6 ,

and sigmoid threshold � = � 1 : 5 ). Bottom: SV set compa rison. F o r each of the bina ry

classi�ers, \% intersection" gives the fraction of its Supp o rt V ecto r set sha red with b oth the

other t w o classi�ers. The scaling facto r 784 in the k ernels stems from the dimensionalit y

of the data; it ensures that the values of the k ernels lie in simila r ranges fo r di�erent

p olynomial degrees.

p olynomial: k ( x ; y ) = (( x � y ) = 784)

d

d 2 3 4 5 6 7

# of test errors 163 147 135 131 127 127

# of SVs 994 1083 1187 1292 1401 1537

RBF: k ( x ; y ) = exp ( �k x � y k

2

= (784 c ))

c 1 0.75 0.6 0.5 0.4 0.3

# of test errors 147 145 145 141 137 134

# of SVs 1061 1118 1179 1264 1308 1460

sigmoid: k ( x ; y ) = 1 : 04 tanh (2( x � y ) = 784 + �)

� � 1.3 1.4 1.5 1.6 1.7 1.8

# of test errors 139 138 138 141 145 144

# of SVs 1137 1162 1194 1211 1223 1217

P olyn RBF tanh in tersection shared b y 2 union

no. of SVs 1187 1179 1194 1054 124 1328

% in tersection 89 89 88 100 { {

ab out 90% o v erlap. This surprising result, �rst published in (Sc h• olk opf, Burges, and

V apnik, 1995), has mean while b een repro duced on the MNIST c haracter recognition set

(T able 2.8), with SV sets whic h amoun ted to just 2% of the whole database. T ogether

with K. Sung at MIT, w e ha v e repro duced this result also on a face detection task

(binary classi�cation, faces vs. non-faces).

As men tioned previously , the Supp ort V ector expansion (2.11) need not b e unique.

Dep ending on the w a y the quadratic programming problem is solv ed, one can p oten-

tially get di�eren t expansions and therefore di�eren t Supp ort V ector sets. It is p ossible

to conceiv e of problems where all patterns do lie on the decision b oundary , y et only
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T ABLE 2.9: P ercentage of the Supp o rt V ecto r set of [column] contained in the supp o rt set

of [ro w]; fo r the bina ry recognizers fo r digit class 7 (b ottom) (USPS set). The training sets

fo r the classi�ers in [ro w] and [column] w ere p ermuted with resp ect to each other (control

exp eriment fo r T able 2.6); still, the overlap b et w een the SV sets p ersists.

P olynomial RBF Sigmoid

P olynomial 92 82 90

RBF 88 92 84

Sigmoid 91 84 93

a few of them are necessary at a time for expr essing the decision function. In suc h a

case, the actual SV set extracted could strongly dep end on the ordering of the training

set, esp ecially if the quadratic programming algorithm pro cesses the data in c h unks.

In our exp erimen ts, w e did use the same ordering of the training set in all three cases.

T o exclude the p ossibilit y that it is this ordering that causes the rep orted o v erlaps, w e

ran a con trol exp erimen t where t w o classi�ers with the same k ernel w ere trained t wice,

on the original training set, and on a p erm uted v ersion of it, resp ectiv ely . W e found

that the t w o cases pro duced highly o v erlapping (to around 90%) SV sets, whic h means

that the training set ordering do es hardly ha v e an e�ect on the SV sets extracted |

it only c hanges around 10% of the SV sets. In addition, rep eating the exp erimen ts of

T able 2.6 on p erm uted training sets ga v e results consisten t with this �nding: T able 2.9

sho ws that the o v erlap b et w een SV sets of di�eren t classi�ers is hardly c hanged when

one of the training sets is p erm uted. W e ma y also add that the o v erlap is not due to

SVs corresp onding to errors on the training set (cf. (2.18), with �

i

> 1): the considered

classi�ers had v ery few training errors.

Using a lea v e-one-out pro cedure similar to Prop osition 2.1.2, V apnik and W atkins

ha v e subsequen tly put forw ard a theoretical argumen t for shared SVs. W e state it

in the follo wing form: If the SV set of three SV classi�ers had no o v erlap, w e could

obtain a fourth classi�er whic h has zero test error.

T o see wh y this is the case, note that if a pattern is left out of the training set,

it will alw a ys b e classi�ed correctly b y v oting b et w een the three SV classi�ers trained

on the remaining examples: otherwise, it w ould ha v e b een b een an SV of at least t w o

of them, if k ept in the training set. The exp ectation of the n um b er of patterns whic h

are SVs of at least t w o of the three classi�ers, divided b y the training set size, th us

forms an upp er b ound on the exp ected test error of the v oting system.

T raining on SV Sets. As describ ed in Sec. 2.1.2, the Supp ort V ector set con tains

all the information a giv en classi�er needs for constructing the decision function. Due

to the o v erlap in the Supp ort V ector sets of di�eren t classi�ers, one can ev en train

classi�ers on Supp ort V ector sets of another classi�er. T able 2.10 sho ws that this leads

to results comparable to those after training on the whole database. In Sec. 4.2.1, w e
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T ABLE 2.10: T raining classi�ers on the Supp o rt V ecto r sets of other classi�ers leads

to p erfo rmances on the test set which a re as go o d as the results fo r training on the full

database (sho wn a re numb ers of erro rs on the 2007-element test set, fo r t w o-class classi�ers

sepa rating digit 7 from the rest). Additionally , the results fo r training on a random subset

of the database of size 200 a re displa y ed.

trained on: p oly-SVs rbf-SVs tanh-SVs full db rnd. subs.

k ernel size: 178 189 177 7291 200

P oly 13 13 12 13 23

RBF 17 13 17 15 27

tanh 15 13 13 15 25

will use this �nding as a motiv ation for a metho d to mak e SV mac hines transformation

in v arian t.

Discussion. Learning can b e view ed as inferring regularities from a set of training

examples. Muc h researc h has b een dev oted to the study of v arious learning algorithms

whic h allo w the extraction of these underlying regularities. No matter ho w di�eren t the

out w ard app earance of these algorithms is, they all m ust rely on in trinsic regularities

of the data. If the learning has b een successful, these in trinsic regularities are captured

in the v alues of some parameters of a learning mac hine; for a p olynomial classi�er,

these parameters are the co e�cien ts of a p olynomial, for a neural net they are w eigh ts

and biases, and for a radial basis function classi�er they are w eigh ts and cen ters. This

v ariet y of di�eren t represen tations of the in trinsic regularities, ho w ev er, conceals the

fact that they all stem from a common ro ot.

The Supp ort V ector algorithm enables us to view these algorithms in a uni�ed

theoretical framew ork. The presen ted empiric al results sho w that di�eren t t yp es of

SV classi�ers construct their decision functions from highly o v erlapping subsets of the

training set, and th us extract a v ery similar structure from the observ ations, whic h

can in this sense b e view ed as a c haracteristic of the data: the set of Supp ort V ectors.

This �nding ma y lead to metho ds for compressing databases signi�can tly b y disp osing

of the data whic h is not imp ortan t for the solution of a giv en task (cf. also Guy on,

Mati � c, and V apnik, 1996).

In the next section, w e will tak e a closer lo ok at one of the t yp es of learning

mac hines implemen table b y the SV algorithm.

2.5 Compa rison to Classical RBF Net w o rks

By using Gaussian k ernels (2.27), the SV algorithm can construct learning mac hines

with a Radial Basis F unction (RBF) arc hitecture. In con trast to classical approac hes

for training RBF net w orks, the SV algorithm automatically determines cen ters, w eigh ts
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and threshold that minimize an upp er b ound on the exp ected test error. The presen t

section is dev oted to an exp erimen tal comparison of these mac hines with a classical

approac h, where the cen ters are determined b y k -means clustering and the w eigh ts are

computed using error bac kpropagation. W e consider three mac hines, namely a classical

RBF mac hine, an SV mac hine with Gaussian k ernel, and a h ybrid system with the cen-

ters determined b y the SV metho d and the w eigh ts trained b y error bac kpropagation.

Our results sho w that on the US p ostal service database of handwritten digits, the SV

mac hine ac hiev es the highest recognition accuracy , follo w ed b y the h ybrid system.

Copyright notic e: the material in this section is based on the article \Comparing

supp ort v ector mac hines with Gaussian k ernels to radial basis function classi�ers" b y

B. Sc h• olk opf, K. Sung, C. Burges, F. Girosi, P . Niy ogi, T. P oggio and V. V apnik, whic h

app eared in IEEE T ransactions on Signal Pro cessing; 45 (11): 2758 { 2765, No v em b er

1997. IEEE.

2.5.1 Di�erent W a ys of T raining RBF Classi�ers

Consider Fig. 2.12. Supp ose w e w an t to construct a radial basis function classi�er

f ( x ) = sgn
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b eing constan ts, the latter p ositiv e) separating balls from circles, i.e. taking

di�eren t v alues on balls and circles. Ho w do w e c ho ose the c enters x

i

? Tw o extreme

cases are conceiv able:

The �rst approac h consists of c ho osing the cen ters for the t w o classes separately ,

irresp ectiv e of the classi�cation task to b e solv ed. The classical tec hnique of �nding the

cen ters b y some clustering tec hnique ( b efor e tac kling the classi�cation problem) is suc h

an approac h. The w eigh ts w

i

are then usually found b y either error bac kpropagation

(Rumelhart, Hin ton, and Williams, 1986) or the pseudo-in v erse metho d (P oggio and

Girosi, 1990).

An alternativ e approac h (Fig. 2.13) consists of c ho osing as cen ters p oin ts whic h are

critic al for the classi�cation task at hand. The Supp ort V ector algorithm implemen ts

the latter idea. By simply c ho osing a suitable k ernel function (2.27), it allo ws the

construction of radial basis function classi�ers. The algorithm automatically computes

the n um b er and lo cation of the ab o v e cen ters, the w eigh ts w

i

, and the threshold b .

By the k ernel function, the patterns are mapp ed nonlinearly in to a high-dimensional

space. There, an optimal separating h yp erplane is constructed, expressed in terms of

those examples whic h are closest to the decision b oundary . These are the Supp ort

V ectors whic h corresp ond to the cen ters in input space.

The goal of the presen t section is to compare real-w orld results obtained with

k -means clustering and classical RBF training to those obtained when the cen ters,

w eigh ts and threshold are automatically c hosen b y the Supp ort V ector algorithm. T o

this end, w e decided to undertak e a p erformance study b y com bining exp ertise on the
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FIGURE 2.12: A simple 2-dimensional classi�cation p roblem: �nd a decision function

sepa rating balls from circles. The b o x, as in all follo wing pictures, depicts the region

[ � 1 ; 1]

2

.

Supp ort V ector algorithm (A T&T Bell Lab oratories) and on the classical radial basis

function net w orks (Massac h usetts Institute of T ec hnology).

Three di�eren t RBF systems to ok part in the p erformance comparison:

� SV system. A standard SV mac hine with Gaussian k ernel function w as con-

structed (cf. (2.27)).

� Classical RBF system. The MIT side of the p erformance comparison con-

structed net w orks of the form
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with the n um b er of cen ters k iden tical to the one automatically found b y the SV

algorithm. The cen ters c

i

w ere computed b y k -means clustering (e.g. Duda and

Hart, 1973), and the w eigh ts w

i

are trained b y on-line mean squared error bac k

propagation.

The training pro cedure constructs ten binary recognizers for the digit classes,

with RBF hidden units and logistic outputs, trained to pro duce the target v alues
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5

5

5

5

5

FIGURE 2.13: RBF centers automatically computed b y the Supp o rt V ecto r algo rithm

(indicated b y extra circles), using c

i

= 1 fo r all i (cf. (2.27), (2.40)). The numb er of SV

centers accidentally coincides with the numb er of identi�able clusters (indicated b y crosses

found b y k -means clustering with k = 2 and k = 3 fo r balls and circles, resp ectively) but

the naive co rresp ondence b et w een clusters and centers is lost; indeed, 3 of the SV centers

a re circles, and only 2 of them a re balls. Note that the SV centers a re chosen with resp ect

to the classi�cation task to b e solved.

1 and 0 for p ositiv e and negativ e examples, resp ectiv ely . The net w orks w ere

trained without w eigh t deca y , ho w ev er, a b o otstrap pro cedure w as used to limit

their complexit y . The �nal RBF net w ork for eac h class con tains ev ery Gaussian

k ernel from its target class, but only sev eral k ernels from the other 9 classes,

selected suc h that no false p ositiv e mistak es are made. F or further details, see

(Sung, 1996; Mo o dy and Dark en, 1989).

� Hybrid system. T o assess the relativ e in
uence of the automatic SV cen ter

c hoice and the SV w eigh t optimization, resp ectiv ely , another RBF system w as

built, constructed with cen ters that are simply the Supp ort V ectors arising from

the SV optimization, and with the w eigh ts trained separately using mean squared

error bac k propagation.

Computational Complexit y . By construction, the resulting classi�ers after training

will ha v e the same arc hitecture and comparable sizes. Th us the three mac hines are

comparable in classi�cation sp eed and memory requiremen ts.

Di�erences w ere, ho w ev er, noticeable in training. Regarding training time, the SV
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FIGURE 2.14: Tw o-class classi�cation p roblem solved b y the Supp o rt V ecto r algo rithm

( c

i

= 1 fo r all i ; cf. Eq. 2.40).

mac hine w as faster than the RBF system b y ab out an order of magnitude.

12

The

optimization, ho w ev er, requires to w ork with p oten tially large matrices. In the im-

plemen tation that w e used, the training data is pro cessed in c h unks, and matrix sizes

w ere of the order 500 � 500. F or problems with v ery large n um b ers of SVs, a mo di�ed

training algorithm has recen tly b een prop osed b y Osuna, F reund, and Girosi (1997).

Erro r F unctions. Due to the constrain ts (2.18) and the target function (2.19), the

SV algorithm puts emphasis on correctly separating the training data. In this resp ect,

it is di�eren t from the classical RBF approac h of training in the least-squares metric,

whic h is more concerned with the general problem of estimating p osterior probabilities

than with directly solving a classi�cation task at hand. There exist, ho w ev er, studies

in v estigating the question ho w to select RBF cen ters or exemplars to minimize the

n um b er of misclassi�cations, see for instance (Chang and Lippmann, 1993; Duda and

Hart, 1973; Reilly , Co op er, and Elbaum, 1982; Barron, 1984). A classical RBF system

could also b e made more discriminan t b y using mo ving cen ters (e.g. P oggio and Girosi,

1990), or a di�eren t cost function, as the classi�cation �gure of merit (Hampshire and

W aib el, 1990). In fact, it can b e sho wn that Gaussian RBF regularization net w orks

are equiv alen t to SV mac hines if the regularization op erator and the cost function are

c hosen appropriately (Smola and Sc h• olk opf, 1997b).

12

F or noisy regression problems, on the other hand, Supp ort V ector mac hines can b e slo w er (M • uller

et al., 1997).
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FIGURE 2.15: A simple t w o-class classi�cation p roblem as solved b y the SV algo rithm

( c

i

= 1 fo r all i ; cf. Eq. 2.40). Note that the RBF centers (indicated b y extra circles)

a re closest to the decision b ounda ry . Interestingly , the decision b ounda ry is a straight line,

even though a nonlinea r Gaussian RBF k ernel w as used. This is due to the fact that only

t w o SVs a re required to solve the p roblem. The translational and unita ry inva riance of the

RBF k ernel then renders the situation completely symmetric.

It is imp ortan t to stress that the SV mac hine do es not minimize the empirical risk

(misclassi�cation error on the training set) alone. Instead it minimizes the sum of an

upp er b ound on the empirical risk and a p enalt y term that dep ends on the complexit y

of the classi�er used.

2.5.2 T o y Examples: What a re the Supp o rt V ecto rs?

Supp ort V ectors are elemen ts of the data set that are \imp ortan t" in separating the

t w o classes from eac h other. In general, the SVs with zero slac k v ariables (2.17) lie on

the b oundary of the decision surface, as they precisely satisfy the inequalit y (2.18) in

the high-dimensional space. Figures 2.15 and 2.14 illustrate that for the used Gaussian

k ernel, this is also the case in input space. This raises an in teresting question from the

p oin t of view of in terpreting the structure of trained RBF net w orks. The traditional

view of RBF net w orks has b een one where the cen ters w ere regarded as \templates"

or stereot ypical patterns. It is this p oin t of view that leads to the clustering heuristic

for training RBF net w orks. In con trast, the SV mac hine p osits an alternate p oin t of

view, with the cen ters b eing those examples whic h are critical for a giv en classi�cation

task.
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T ABLE 2.11: Numb ers of centers (Supp o rt V ecto rs) automatically extracted b y the Sup-

p o rt V ecto r machine. The �rst ro w gives the total numb er fo r each bina ry classi�er,

including b oth p ositive and negative examples; in the second ro w, w e only counted the

p ositive SVs. The latter numb er w as used in the initialization of the k -means algo rithm,

cf. Sec. 2.5.

digit class 0 1 2 3 4 5 6 7 8 9

# of SVs 274 104 377 361 334 388 236 235 342 263

# of p os. SVs 172 77 217 179 211 231 147 133 194 166

T ABLE 2.12: Tw o-class-classi�cation: numb ers of test erro rs (out of 2007 test patterns)

fo r the three systems describ ed in Sec. 2.5.

digit class 0 1 2 3 4 5 6 7 8 9

classical RBF 20 16 43 38 46 31 15 18 37 26

RBF with SV cen ters 9 12 27 24 32 24 19 16 26 16

full SV mac hine 16 8 25 19 29 23 14 12 25 16

2.5.3 Handwritten Digit Recognition

W e used the USPS database of handwritten digits (App endix C). The SV mac hine

results rep orted in the follo wing w ere obtained with our default c hoice 
 = 10 (cf.

(2.19), Sec. 2.3), and c = 0 : 3 � N (cf. (2.27)), where N = 256 is the dimensionalit y of

input space.

13

Two-class classi�c ation. T able 2.11 sho ws the n um b ers of Supp ort V ectors, i.e.

RBF cen ters, extracted b y the SV algorithm. T able 2.12 giv es the results of binary

classi�ers separating single digits from the rest, for the systems describ ed in Sec. 2.5.

T en-class classi�c ation. F or eac h test pattern, the arbitration pro cedure in all three

systems simply returns the digit class whose recognizer giv es the strongest resp onse

(cf. (2.38)). T able 2.13 sho ws the 10-class digit recognition error rates for our original

system and the t w o RBF-based systems.

The fully automatic SV mac hine exhibits the highest test accuracy of the three

systems.

14

Using the SV algorithm to c ho ose the cen ters for the RBF net w ork is also

b etter than the baseline pro cedure of c ho osing the cen ters b y a clustering heuristic as

describ ed ab o v e. It can b e seen that in con trast to the k -means cluster cen ters, the

cen ters c hosen b y the SV algorithm allo w zero training error rates.

The considered recognition task is kno wn to b e rather hard | the h uman error rate

13

The SV mac hine is rather insensitiv e to di�eren t c hoices of c . F or all v alues in 0 : 1 ; 0 : 2 ; : : : ; 1 : 0,

the p erformance is ab out the same (in the area of 4% { 4.5%).

14

An analysis of the errors sho w ed that ab out 85% of the errors committed b y the SV mac hine

w ere also made b y the other systems. This mak es the di�erences in error rates v ery reliable.
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T ABLE 2.13: 10-class digit recognition erro r rates fo r three RBF classi�ers constructed

with di�erent algo rithms. The �rst system is a classical one, cho osing its centers b y k -

means clustering. In the second system, the Supp o rt V ecto rs w ere used as centers, and in

the third one, the entire net w o rk w as trained using the Supp o rt V ecto r algo rithm.

Classi�cation Error Rate

USPS DB classical RBF RBF with SV cen ters full SV mac hine

T raining 1.7% 0.0% 0.0%

T est 6.7% 4.9% 4.2%

is 2.5% (Bromley and S• ac kinger, 1991), almost matc hed b y a memory-based T angen t-

distance classi�er (2.6%, Simard, LeCun, and Denk er, 1993). Other results on this

database include a Euclidean distance nearest neigh b our classi�er (5.9%, Simard,

LeCun, and Denk er, 1993), a p erceptron with one hidden la y er, 5.9%, and a con v olu-

tional neural net w ork (5.0%, LeCun et al., 1989). By incorp orating translational and

rotational in v ariance using the Virtual SV tec hnique (see b elo w, Sec. 4.2.1), w e w ere

able to impro v e the p erformance of the considered Gaussian k ernel SV mac hine (same

v alues of 
 and c ) from 4.2% to 3.2% error.

2.5.4 Summa ry and Discussion

The Supp ort V ector algorithm pro vides a principled w a y of c ho osing the n um b er and

the lo cations of RBF cen ters. Our exp erimen ts on a real-w orld pattern recognition

problem ha v e sho wn that in con trast to a corresp onding n um b er of cen ters c hosen b y

k -means, the cen ters c hosen b y the Supp ort V ector algorithm allo w ed a training error

of zero, ev en if the w eigh ts w ere trained b y classical RBF metho ds. The in terpreta-

tion of this �nding is that the Supp ort V ector cen ters are sp eci�cally c hosen for the

classi�cation task at hand, whereas k -means do es not care ab out pic king those cen ters

whic h will mak e a problem separable.

In addition, the SV cen ters yielded lo w er test error rates than k -means. It is

in teresting to note that using SV cen ters, while stic king to the classical pro cedure for

training the w eigh ts, impro v ed training and test error rates b y appro ximately the same

amoun t (2%). In view of the guaran teed risk b ound (1.5), this can b e understo o d in

the follo wing w a y: the impro v emen t in test error (risk) w as solely due to the lo w er

v alue of the training error (empirical risk); the con�dence term (the second term on the

righ t hand side of (1.5)), dep ending on the V C-dimension and th us on the norm of the

w eigh t v ector, did not c hange, as w e stuc k to the classical w eigh t training pro cedure.

Ho w ev er, when w e also trained the w eigh ts with the Supp ort V ector algorithm, w e

minimized the norm of the w eigh t v ector (see (2.19), (2.4)) in feature space, and th us

the con�dence term, while still k eeping the training error zero. Th us, consisten t with

(1.5), the Supp ort V ector mac hine ac hiev ed the highest test accuracy of the three
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systems.

15

2.6 Mo del Selection

2.6.1 Cho osing P olynomial Degrees

16

In the case where the a v ailable amoun t of training data is limited, it is imp ortan t to

ha v e a means for ac hieving the b est p ossible generalization b y con trolling c haracter-

istics of the learning mac hine, without ha ving to put aside parts of the training set

for v alidation purp oses. One of the strengths of SV mac hines consists in the auto-

matic capacit y tuning, whic h w as related to the fact that the minimization of (2.19)

is connected to structural risk minimization, based on the b ound (1.5). This capacit y

tuning tak es place within a set of functions sp eci�ed a priori b y the c hoice of a k ernel

function. In the follo wing, w e go one step further and use the b ound (1.5) also to

predict the k ernel de gr e e whic h yields the b est generalization for p olynomial classi�ers

(Sc h• olk opf, Burges, and V apnik, 1995).

Since for SV mac hines w e ha v e an upp er b ound on the V C-dimension (Prop o-

sition 2.1.1), w e can use (1.5) to get an upp er b ound on the exp ected error on an

indep enden t test set in terms of the training error and the v alue of k w k (or, equiv a-

len tly , the margin 2 = k w k ). This b ound can then b e used to try to c ho ose parameters of

the learning mac hines suc h that the test error gets minimal, without actually lo oking

at the test set.

W e consider p olynomial classi�ers with the k ernel (2.26), v arying their degree d ,

and mak e the assumption that the b ound (2.4) giv es a reliable indication of the actual

V C-dimension, i.e. that the V C-dimension can b e estimated b y

h � c

1

h

est:

= R

2

k w k

2

(2.41)

with some c

1

< 1 whic h is indep enden t of the p olynomial degree.

F or the USPS digit recognition problem, training errors are v ery small. In that

case, the righ t hand side of the b ound (1.5) is dominated b y the con�dence term, whic h

is minimized when the V C-dimension is minimized. F or the latter, w e use (2.41), with

15

Tw o remarks on the in terpretation of our �ndings are in order. The �rst result, comparing the

error rates of the classical and the h ybrid system, do es not necessarily rule out the p ossibilit y of

reducing the training error also for k -means cen ters b y using di�eren t cost functions or co dings of the

output units. It should b e considered as a statemen t comparing t w o sets of cen ters, using the same

w eigh t training algorithm to build RBF net w orks from them. Along similar lines, the second result,

indicating the sup erior p erformance of the full SV RBF system, refers to the systems as describ ed

in this study . It do es not rule out the p ossibilit y of impro ving classical RBF systems b y suitable

metho ds of complexit y con trol. Indeed, the results for the SV RBF system do sho w that using the

same arc hitecture, but di�eren t w eigh t training pro cedures, can signi�can tly impro v e results.

16

Copyright notic e: the material in this section is based on the article \Extracting supp ort data

for a giv en task" b y B. Sc h• olk opf, C. Burges and V. V apnik, whic h app eared in: Pro ceedings, First

In ternational Conference on Kno wledge Disco v ery & Data Mining, pp. 252 { 257, 1995. AI I I Press.
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average VC-dim. total no. of test errors

FIGURE 2.16: Average V C-dimension (solid) and total numb er of test erro rs of the ten

t w o-class-classi�ers (dotted) fo r p olynomial degrees 2 through 7 (fo r degree 1, R

emp

is

compa rably big, so the V C-dimension alone is not su�cient fo r p redicting R , cf. (1.5)).

The baseline on the erro r scale, 174, co rresp onds to the total numb er of test erro rs of

the ten b est bina ry classi�ers out of the degrees 2 through 7. The graph sho ws that the

V C-dimension allo ws us to p redict that degree 4 yields the b est overall p erfo rmance of the

t w o-class-classi�ers on the test set. This is not necessa rily the case fo r the p erfo rmances of

the ten-class classi�ers, which a re built from the t w o-class-classi�er outputs b efo re applying

the sgn functions (cf. Sec. 2.1.6).

k w k determined b y the Supp ort V ector algorithm (note that k w k is computed in

feature space, using the k ernel). Th us, in order to compute h

est:

, w e need to compute

R , the radius of the smallest sphere enclosing the training data in feature space.

This can b e reduced to a quadratic programming problem similar to the one used in

constructing the optimal h yp erplane:

17

W e form ulate the problem as follo ws:

Minimize R

2

sub ject to k z

i

� z

�

k

2

� R

2

; (2.42)

where z

�

is the (to b e determined) cen ter of the sphere. W e use the Lagrangian

R

2

�

X

i

�

i

( R

2

� ( z

i

� z

�

)

2

) ; (2.43)

and compute the deriv ativ es b y z

�

and R to get

z

�

=

X

i

�

i

z

i

(2.44)

and the W olfe dual problem: maximize

X

i

�

i

� ( z

i

� z

i

) �

X

i;j

�

i

�

j

� ( z

i

� z

j

) (2.45)

17

The follo wing deriv ation is due to Chris Burges.
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sub ject to

X

i

�

i

= 1 ; �

i

� 0 ; (2.46)

where the �

i

are Lagrange m ultipliers. As in the Supp ort V ector algorithm, this

problem has the prop ert y that the z

i

app ear only in dot pro ducts, so as b efore one

can compute the dot pro ducts in feature space, replacing ( z

i

� z

j

) b y k ( x

i

; x

j

) (where

the x

i

liv e in input space, and the z

i

in feature space).

In this w a y , w e compute the radius of the minimal enclosing sphere for all the USPS

training data for p olynomial classi�ers of degrees 1 through 7. F or the same degrees,

w e then train a binary p olynomial classi�er for eac h digit. Using the obtained v alues

for h

est:

, w e can predict, for eac h digit, whic h degree p olynomial will giv e the b est

generalization p erformance. Clearly , this pro cedure is con tingen t up on the v alidit y of

the assumption that c

1

is appro ximately the same for all degrees. W e can then compare

this prediction with the actual p olynomial degree whic h giv es the b est p erformance

on the test set. The results are sho wn in T able 2.14; cf. also Fig. 2.16.

T ABLE 2.14: P erfo rmance of the classi�ers with degree p redicted b y the V C-b ound. Each

ro w describ es one t w o-class-classi�er sepa rating one digit (stated in the �rst column) from

the rest. The remaining columns contain: deg: the degree of the b est p olynomial as

p redicted b y the describ ed p ro cedure, pa ram.: the dimensionalit y of the high dimensional

space, which is also the V C-dimension fo r the set of all sepa rating hyp erplanes in that

space, h

est:

: the V C-dimension estimate fo r the actual classi�ers, which is much smaller

than the numb er of free pa rameters of linea r classi�ers in that space, 1 { 7: the numb ers of

erro rs on the test set fo r p olynomial classi�ers of degrees 1 through 7. The table sho ws that

the decrib ed p ro cedure cho oses p olynomial degrees which a re optimal o r close to optimal.

c hosen classi�er errors on the test set for degrees 1 { 7

digit deg param. h

est:

1 2 3 4 5 6 7

0 3 2 : 8 � 10

6

547 36 14 11 11 11 12 17

1 7 1 : 5 � 10

13

95 17 15 14 11 10 9 10

2 3 2 : 8 � 10

6

832 53 32 28 26 28 27 32

3 3 2 : 8 � 10

6

1130 57 25 22 22 22 22 23

4 4 1 : 8 � 10

8

977 50 32 32 30 30 29 33

5 3 2 : 8 � 10

6

1117 37 20 22 24 24 26 28

6 4 1 : 8 � 10

8

615 23 12 12 15 17 17 19

7 5 9 : 5 � 10

9

526 25 15 12 10 11 13 14

8 4 1 : 8 � 10

8

1466 71 33 28 24 28 32 34

9 5 9 : 5 � 10

9

1210 51 18 15 11 11 12 15
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The ab o v e metho d for predicting the optimal classi�er functions giv es go o d results.

In four cases, the theory predicted the correct degree; in the other cases, the predicted

degree ga v e p erformance close to the b est p ossible one.

2.6.2 The Choice of the Regula rization P a rameter 


In addition to k ernel parameters as the p olynomial degree, there is another parameter

whose v alue needs to b e set for SV training: the regularization constan t 
 , determining

the trade-o� b et w een minimizing training error and con trolling complexit y (cf. (2.19)).

The optimal v alue of 
 should dep end b oth on c haracteristics of the problem at hand

and on the sample size. Although our exp erience suggests that for problems with little

noise, the results are reasonably insensitiv e with resp ect to c hanges of 
 , it w ould still

b e desirable to ha v e a principled metho d for c ho osing 
 . The remainder of this section

is an attempt at dev eloping suc h a metho d.

As in the last section, the starting p oin t is the risk b ound (1.5). The idea is

to adjust 
 suc h that minimization of the SV ob jectiv e function (2.19) amoun ts to

minimizing (1.5). As the solution w dep ends on the v alue of 
 c hosen (in (2.19)), w e

cannot use (1.5) and (2.4) to determine the v alue of 
 a priori. Instead, w e will resort

to an iterativ e strategy .

F ollo wing (2.4), w e write

h = c

1

R

2

k w k

2

(2.47)

with some c

1

< 1. Substituting this in to the b ound (1.5), (1.6), w e obtain

v

u

u

t

c

1

R

2

k w k

2

�

log

2 `

c

1

R

2

k w k

2

+ 1

�

� log( � = 4)

`

+ R

emp

( � ) (2.48)

as an upp er b ound on the risk that w e w an t to minimize.

Remem b ering that

P

i

�

i

is an upp er b ound on the n um b er of training errors, w e

additionally write

X

i

�

i

= c

2

`R

emp

( w ) ; (2.49)

with some c

2

� 1, where ` is the n um b er of training examples. Minimizing the ob jectiv e

function (2.19) then amoun ts to minimizing

1

2 
 c

2

`

k w k

2

+ R

emp

( w ) : (2.50)

Iden tifying w with the function index � in (2.48), w e no w ha v e a form ulation where

the second terms of (2.50) and (2.48) are iden tical. The �rst terms cannot coincide

in general: unlik e the �rst term of (2.48), k w k

2

= (2 
 c

2

` ) is prop ortional to k w k

2

.

Ho w ev er, a necessary condition to ensure that the minim um of the function that w e
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are minimizing, (2.50), is close to that of the one that w e w ould lik e to minimize, (2.48),

is that the gradien ts of the �rst terms with resp ect to w coincide at the minim um.

Hence, w e ha v e to c ho ose 
 suc h that

1


 c

2

`

w =

c

1

R

2

(log

2 `

c

1

R

2

k w k

2

� 1)

q

` ( c

1

R

2

k w k

2

log

2 `

c

1

R

2

k w k

2

� log( � = 4))

w : (2.51)

F or w 6= 0, w e th us obtain


 =

q

` ( c

1

R

2

k w k

2

log

2 `

c

1

R

2

k w k

2

� log( � = 4))

c

1

c

2

`R

2

(log

2 `

c

1

R

2

k w k

2

� 1)

: (2.52)

Eq. (2.52) establishes a relationship b et w een 
 and w at the p oin t of the solution. If

w e start with a non-optimal v alue of 
 , ho w ev er, w e will obtain a non-optimal w and

th us (2.52) will not tell us exactly ho w to adjust 
 . F or instance, supp ose w e start

with a 
 whic h is to o big. Then to o m uc h w eigh t will b e put on minimizing empirical

risk (cf. (2.19)), and the margin will b ecome to o small, i.e. w will b ecome to o big. W e

will resort to the follo wing metho d: w e use (2.52) to determine a new v alue 


0

, and

iterate the pro cedure.

The v alue of k w k

2

is obtained b y solving the SV quadratic programming prob-

lem (in feature space, w e ha v e k w k

2

=

P

ij

y

i

y

j

�

i

�

j

k ( x

i

; x

j

)); R

2

is computed as in

Sec. 2.6.1, and c

2

is obtained from

P

i

�

i

and the training error using (2.49). The v alues

of c

1

and � m ust b e c hosen b y the user. The constan t c

1

c haracterizes the tigh tness of

the V C-dimension b ound (cf. (2.47)), and 1 � � is a lo w er b ound on the probabilit y

with whic h the risk b ound (2.48) holds. As long as � is not to o close to 0, it do es

hardly a�ect our pro cedure. The v alue of c

1

is more di�cult to c ho ose correctly , ho w-

ev er, reasonable results can already b e obtained with the default c hoice c

1

= 1, as w e

shall see b elo w.

Statemen ts on the con v ergence of this pro cedure are hard to obtain: to compute

the mapping from 
 to 


0

, w e ha v e to train an SV mac hine and then ev aluate (2.52),

th us one cannot compute its deriv ativ e in closed form. In an empirical study to b e

decrib ed presen tly , the pro cedure exhibited w ell-b eha v ed con v ergence b eha viour. In

the exp erimen t, w e used the small MNIST database (App endix C). W e found that

the iteration con v erged no matter whether w e started with a v ery large 
 or with a

tin y 
 . In the follo wing, w e rep ort results obtained when starting with a h uge v alue of


 , whic h e�ectiv ely leads to the construction of an optimal margin classi�er (i.e. with

zero training error | cf. Sec. 2.1.2: for 
 = 1 , (2.22) reduces to (2.14)).

T able 2.15 sho ws partly encouraging results. F or all 10 binary digit recognizers,

the iteration con v erges v ery fast (ab out t w o steps w ere required to reac h a v alue v ery

close to the �nal one). In sev en cases, the n um b er of test errors decreased, in only

t w o case did it increase. By com bining the resulting binary classi�ers, w e obtained a

10-class classi�er with an error rate (on the 10000 elemen t small MNIST test set) of

3 : 9%, sligh tly b etter than the error rate obtained b oth with the starting v alue used in
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the iteration, 
 = 10

10

, and with our default c hoice 
 = 10: in these cases, w e obtained

4 : 0% error (cf. b elo w, in T able 4.6).

Clearly , further exp erimen ts are necessary to v alidate or impro v e this metho d. In

particular, it w ould b e in teresting to study a noisy classi�cation problem, where the

c hoice of 
 should p oten tially ha v e a greater impact on the qualit y of the solution.

W e conclude this section with a note on the relationship of the mo del selection

metho ds describ ed in sections 2.6.1 and 2.6.2. Both of the prop osed metho ds are

based on the b ound (1.5). In principle, w e could also apply the metho d of 2.6.1 for

c ho osing 
 . In that case, w e w ould try out a series of v alues of 
 , and pic k the one

whic h minimizes (1.5). The adv an tage of the presen t metho d, ho w ev er, is that it do es

not require scanning a whole range of v alues. Instead, 
 is c hosen suc h that, with the

help of a few iterations, the SV optimization automatically minimizes (1.5) o v er 
 ,

in addition to the built-in minimization o v er the w eigh ts of the SV mac hine (cf. the

remarks at the b eginning of Sec. 2.6.1).

18

T ABLE 2.15: Iterative choice of the regula rization constant 
 (cf. Sec. 2.6.2) fo r all ten

digit recognizers on the small MNIST database. Each table sho ws SV machine pa rameters

and results fo r the sta rting p oint ( 
 = 10

10

), and fo r �ve subsequent iteration steps. In all

cases, w e used c

1

= 1 , � = 0 : 2 (co rresp onding to a risk b ound holding with p robabilit y of

at least 0.8), and a p olynomial classi�er of degree 5 . The constant c

2

is unde�ned b efo re

the �rst run of the algo rithm. After each run, it is computed using (2.49); if R

emp

is 0, w e

set c

2

= 1 . F o r 
 = 10

10

, w e a re e�ectively computing an optimal sepa rating hyp erplane,

with zero training erro rs. The iteration converges very fast; mo reover, in seven of the ten

cases, it reduced the numb er of test erro rs (in t w o cases, the opp osite happ ened).


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 38 177 36.156

0.723763 1 3 32 187 29.460

digit 0 0.052130 10.0 3 32 194 29.288

0.050580 10.3 3 31 194 29.312

0.047947 10.8 3 30 192 29.416

0.051618 10.1 3 31 188 29.316


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 33 141 48.998

1.248717 1 3 30 153 34.286

digit 1 0.047532 14.0 3 31 160 34.063

0.045677 14.4 3 30 161 33.988

0.042151 15.5 3 29 157 34.054

0.046176 14.2 3 31 154 34.038

18

W e p erformed another set of exp erimen ts to �nd out whether the lea v e-one-out generalization

b ound (Prop osition 2.1.2) could b e used for selecting 
 . On the small MNIST database, the results

w ere negativ e, leading to v alues of 
 whic h w ere to o large (in the range of 10

5

to 10

10

).
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 c

2

train. errors test errors # of SVs k w k

10

10

- 0 104 340 58.816

1.853855 1 4 88 355 49.055

digit 2 0.100126 12.5 4 87 354 48.810

0.094182 13.2 4 87 352 48.757

0.092732 13.3 4 87 352 48.833

0.095662 13.0 4 88 351 48.906


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 96 377 70.455

3.047037 1 5 93 392 57.387

digit 3 0.139778 12.5 5 93 397 56.860

0.122975 13.9 5 94 387 57.143

0.142765 12.1 5 96 385 56.868

0.123462 13.9 5 93 383 57.272


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 74 282 66.786

2.586497 1 5 79 312 52.781

digit 4 0.134502 10.8 6 77 313 52.409

0.150066 9.6 6 77 312 52.374

0.152267 9.4 6 77 313 52.324

0.147880 9.7 6 77 311 52.338


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 87 339 65.051

2.400509 1 4 101 358 53.578

digit 5 0.116545 12.9 5 99 353 53.182

0.126663 11.7 5 99 362 53.263

0.129597 11.5 5 98 358 53.250

0.126985 11.7 5 101 363 53.272


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 80 231 46.857

1.144632 1 2 80 260 37.923

digit 6 0.037990 20.6 2 80 264 37.623

0.037135 20.8 2 78 256 37.773

0.039888 19.5 2 78 253 37.834

0.041169 19.0 2 79 258 37.771


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 122 253 69.716

2.945887 1 9 109 272 48.730

digit 7 0.187035 6.6 10 109 271 48.263

0.196960 6.2 10 108 278 48.104

0.189135 6.4 10 108 270 48.241

0.197877 6.1 10 108 272 48.258
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 c

2

train. errors test errors # of SVs k w k

10

10

- 0 127 440 77.167

4.246777 1 3 126 473 63.982

digit 8 0.102221 22.4 5 126 463 63.590

0.156304 14.4 5 122 464 63.703

0.165320 13.7 5 126 457 63.605

0.166110 13.6 5 127 462 63.492


 c

2

train. errors test errors # of SVs k w k

10

10

- 0 146 412 94.997

21.34817 1 2 146 446 74.464

digit 9 0.103062 35.8 11 140 437 71.822

0.417387 7.8 10 137 434 71.893

0.383747 8.5 11 141 435 71.857

0.439163 7.4 11 139 440 71.900

2.7 Why Do SV Machines W o rk W ell?

The presen ted exp erimen tal results sho w that Supp ort V ector mac hines obtain high

accuracies whic h are comp etitiv e with state-of-the-art tec hniques. This w as true for

sev eral visual recognition tasks. Care should b e exercised, ho w ev er, when generalizing

this statemen t to other t yp es of pattern recognition tasks. There, empirical studies

ha v e y et to b e carried out, in particular since the tasks that w e considered w ere all

c haracterized b y relativ ely lo w o v erlap of the di�eren t classes (for instance, in the

USPS task, the h uman error rate is around 2.5%). In an y case, the results obtained

here are encouraging, in particular when taking in to accoun t that the SV algorithm

w as dev elop ed only recen tly . Belo w, w e summarize di�eren t asp ects pro viding insigh t

in wh y SV mac hines generalize w ell:

Capacit y Control. The k ernel metho d allo ws to reduce a large class of learning ma-

c hines to separating h yp erplanes in some space. F or those, an upp er b ound on the

V C-dimension can b e giv en (Prop osition 2.1.1). As argued in Sec. 2.1.3, minimizing

the SV ob jectiv e function (2.19) corresp onds to trying to separate the data with a

classi�er of lo w V C-dimension, thereb y appro ximately p erforming structural risk min-

imization. The problem of constructing the decision function requires minimizing a

p ositiv e quadratic form sub ject to b o x constrain ts and can th us b e solv ed e�cien tly .

As w e sa w, lo w V C-dimension is related to a large separation margin. Th us, analy-

ses of the generalization p erformance in terms of separation margins and fat shattering

dimension also b ear relev ance to SV mac hines (e.g. Sc hapire, F reund, Bartlett, and

Lee, 1997; Sha w e-T a ylor, Bartlett, Williamson, and An thon y , 1996; Bartlett, 1997).

Comp ression. The lea v e-one-out b ound (Prop osition 2.1.2) relates SV generalization

abilit y to the fact that the decision function is expressed in terms of a (p ossibly small)
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subset of the data. This can b e view ed in the con text of Algorithmic Complexit y and

Minim um Description Length (V apnik, 1995b, Chapter 5, fo otnote 6).

Regula rization. In (Smola and Sc h• olk opf, 1997b), a regularization framew ork is pro-

p osed whic h con tains the SV algorithm as a sp ecial case. F or k ernel-based function

expansions, it is sho wn that giv en a regularization op erator P (Tikhono v and Arsenin,

1977) mapping the functions of the learning mac hine in to some dot pro duct space D ,

the problem of minimizing the regularized risk

R

r eg

[ f ] = R

emp

[ f ] + � k P f k

2

; (2.53)

(with a regularization parameter � � 0) can b e written as a constrained optimization

problem. F or particular c hoices of the cost function, it further reduces to a SV t yp e

quadratic programming problem. The latter th us is not sp eci�c to SV mac hines, but

is common to a m uc h wider class of approac hes. What gets lost in this case, ho w ev er,

is the fact that the solution can usually b e expressed in terms of a small n um b er

of SVs. This sp eci�c feature of SV mac hines is due to the fact that the t yp e of

regularization and the class of functions whic h are considered as admissible solutions

are in timately related (cf. P oggio and Girosi, 1990; Girosi, Jones, and P oggio, 1993;

Smola and Sc h• olk opf, 1997a; Smola, Sc h• olk opf, and M • uller, 1997): the SV algorithm

is equiv alen t to minimizing the regularized risk on the set of functions

f ( x ) =

X

i

�

i

k ( x

i

; x ) + b; (2.54)

pro vided that k and P are in terrelated b y

k ( x

i

; x

j

) = (( P k )( x

i

; : ) � ( P k )( x

j

; : )) : (2.55)

(Here, ( P k )( x

i

; : ) denotes the result of applying P to the function obtained b y �xing

k 's �rst argumen t to x

i

.) T o this end, k is c hosen as Green's function of P

�

P . F or in-

stance, an RBF k ernel th us corresp onds to regularization with a functional con taining

a sp eci�c di�eren tial op erator (Y uille and Grzyw acz, 1988).
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Chapter 3

Kernel Principal Comp onent Analysis

In the last c hapter, w e tried to sho w that the idea of implicitely mapping the data

in to a high-dimensional feature space has b een a v ery fruitful one in the con text of

SV mac hines. Indeed, it is mainly this feature whic h distinguishes them from the

Generalized P ortrait algorithm whic h has b een kno wn for more than 20 y ears (V apnik

and Cherv onenkis, 1974), and whic h mak es them applicable to complex real-w orld

problems whic h are not linearly separable. Th us, it w as natural to ask the question

whether the same idea could pro v e fruitful in other domains of learning.

The presen t c hapter prop oses a new metho d for p erforming a nonlinear form of

Principal Comp onen t Analysis. By the use of Mercer k ernels, one can e�cien tly com-

pute principal comp onen ts in high-dimensional feature spaces, related to input space

b y some nonlinear map. W e giv e the deriv ation of the metho d and presen t exp erimen-

tal results on p olynomial feature extraction for pattern recognition (Sc h• olk opf, Smola,

and M • uller, 1996b, 1997b).

Copyright notic e: the material in this c hapter is based on the article \Nonlinear

comp onen t analysis as a k ernel Eigen v alue problem" b y B. Sc h• olk opf, A. Smola and

K.-R. M • uller, whic h will app ear in: Neural Computation, 1997. MIT Press.

3.1 Intro duction

Principal Comp onen t Analysis (PCA) is a p o w erful tec hnique for extracting struc-

ture from p ossibly high-dimensional data sets. It is readily p erformed b y solving an

Eigen v alue problem, or b y using iterativ e algorithms whic h estimate principal comp o-

nen ts. F or reviews of the existing literature, see Jolli�e (1986) and Diaman taras &

Kung (1996); some of the classical pap ers are due to P earson (1901); Hotelling (1933);

Karh unen (1946). PCA is an orthogonal transformation of the co ordinate system in

whic h w e describ e our data. The new co ordinate v alues b y whic h w e represen t the data

are called princip al c omp onents . It is often the case that a small n um b er of principal

comp onen ts is su�cien t to accoun t for most of the structure in the data. These are

sometimes called factors or latent variables of the data.

The presen t w ork studies PCA in the case where w e are not in terested in prin-

cipal comp onen ts in input space, but rather in principal comp onen ts of v ariables, or

79
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fe atur es , whic h are nonlinearly related to the input v ariables. Among these are for in-

stance v ariables obtained b y taking arbitrary higher-order correlations b et w een input

v ariables. In the case of image analysis, this amoun ts to �nding principal comp onen ts

in the space of pro ducts of input pixels.

T o this end, w e are computing dot pro ducts in feature space b y means of k ernel

functions in input space (cf. Sec. 1.3). Giv en any algorithm whic h can b e expressed

solely in terms of dot pro ducts, i.e. without explicit usage of the v ariables themselv es,

this k ernel metho d enables us to construct di�eren t nonlinear v ersions of it. Ev en

though this general fact w as kno wn (Burges, priv ate comm unication), the mac hine

learning comm unit y has made little use of it, the exception b eing V apnik's Supp ort

V ector mac hines (Chapter 2). In this c hapter, w e giv e an example of applying this

metho d in the domain of unsup ervised learning, to obtain a nonlinear form of PCA.

In the next section, w e will �rst review the standard PCA algorithm. In order to

b e able to generalize it to the nonlinear case, w e form ulate it in a w a y whic h uses

exclusiv ely dot pro ducts. Using k ernel represen tations of dot pro ducts (Sec. 1.3),

Sec. 3.3 presen ts a k ernel-based algorithm for nonlinear PCA and explains some of the

di�erences to previous generalizations of PCA. First exp erimen tal results on k ernel-

based feature extraction for pattern recognition are giv en in Sec. 3.4. W e conclude

with a discussion (Sec. 3.5). Some tec hnical material whic h is not essen tial for the

main thread of the argumen t has b een relegated to App endix D.2.

3.2 Principal Comp onent Analysis in F eature Spaces

Giv en a set of cen tered observ ations x

k

2 R

N

, k = 1 ; : : : ; M ,

P

M

k =1

x

k

= 0, PCA

diagonalizes the co v ariance matrix

1

C =

1

M

M

X

j =1

x

j

x

>

j

: (3.1)

T o do this, one has to solv e the Eigen v alue equation

� v = C v (3.2)

for Eigen v alues � � 0 and Eigen v ectors v 2 R

N

nf 0 g . As

� v = C v =

1

M

M

X

j =1

( x

j

� v ) x

j

; (3.3)

all solutions v with � 6= 0 m ust lie in the span of x

1

: : : x

M

, hence (3.2) in that case is

equiv alen t to

� ( x

k

� v ) = ( x

k

� C v ) for all k = 1 ; : : : ; M : (3.4)

1

More precisely , the co v ariance matrix is de�ned as the exp ectation of xx

>

; for con v enience, w e

shall use the same term to refer to the estimate (3.1) of the co v ariance matrix from a �nite sample.
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In the remainder of this section, w e describ e the same computation in another dot

pro duct space F , whic h is related to the input space b y a p ossibly nonlinear map

� : R

N

! F ; x 7! X : (3.5)

Note that the fe atur e sp ac e F could ha v e an arbitrarily large, p ossibly in�nite, dimen-

sionalit y . Here and in the follo wing, upp er case c haracters are used for elemen ts of F ,

while lo w er case c haracters denote elemen ts of R

N

.

Again, w e assume that w e are dealing with cen tered data,

P

M

k =1

�( x

k

) = 0 | w e

shall return to this p oin t later. In F , the co v ariance matrix tak es the form

�

C =

1

M

M

X

j =1

�( x

j

)�( x

j

)

>

: (3.6)

Note that if F is in�nite-dimensional, w e think of �( x

j

)�( x

j

)

>

as a linear op erator on

F , mapping

X 7! �( x

j

)(�( x

j

) � X ) : (3.7)

W e no w ha v e to �nd Eigen v alues � � 0 and Eigen v ectors V 2 F nf 0 g satisfying

� V =

�

C V : (3.8)

Again, all solutions V with � 6= 0 lie in the span of �( x

1

) ; : : : ; �( x

M

). F or us, this has

t w o useful consequences: �rst, w e ma y instead consider the set of equations

� (�( x

k

) � V ) = (�( x

k

) �

�

C V ) for all k = 1 ; : : : ; M ; (3.9)

and second, there exist co e�cien ts �

i

( i = 1 ; : : : ; M ) suc h that

V =

M

X

i =1

�

i

�( x

i

) : (3.10)

Com bining (3.9) and (3.10), w e get

�

M

X

i =1

�

i

(�( x

k

) � �( x

i

)) =

1

M

M

X

i =1

�

i

0

@

�( x

k

) �

M

X

j =1

�( x

j

)(�( x

j

) � �( x

i

))

1

A

for all k = 1 ; : : : ; M : (3.11)

De�ning an M � M matrix K b y

K

ij

:= (�( x

i

) � �( x

j

)) ; (3.12)

this reads

M �K � = K

2

� ; (3.13)
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where � denotes the column v ector with en tries �

1

; : : : ; �

M

. T o �nd solutions of (3.13),

w e solv e the Eigen v alue problem

M � � = K � (3.14)

for nonzero Eigen v alues. In App endix D.2.1, w e sho w that this giv es us all solutions

of (3.13) whic h are of in terest for us.

Let �

1

� �

2

� : : : � �

M

denote the Eigen v alues of K (i.e. the solutions M �

of (3.14)), and �

1

; : : : ; �

M

the corresp onding complete set of Eigen v ectors, with �

p

b eing the �rst nonzero Eigen v alue (assuming that � is not iden tically 0). W e normalize

�

p

; : : : ; �

M

b y requiring that the corresp onding v ectors in F b e normalized, i.e.

( V

k

� V

k

) = 1 for all k = p; : : : ; M : (3.15)

By virtue of (3.10) and (3.14), this translates in to a normalization condition for

�

p

; : : : ; �

M

:

1 =

M

X

i;j =1

�

k

i

�

k

j

(�( x

i

) � �( x

j

)) =

M

X

i;j =1

�

k

i

�

k

j

K

ij

= ( �

k

� K �

k

) = �

k

( �

k

� �

k

) (3.16)

F or the purp ose of principal comp onen t extraction, w e need to compute pro jections

on to the Eigen v ectors V

k

in F ( k = p; : : : ; M ). Let x b e a test p oin t, with an image

�( x ) in F , then

( V

k

� �( x )) =

M

X

i =1

�

k

i

(�( x

i

) � �( x )) (3.17)

ma y b e called its nonlinear principal comp onen ts corresp onding to �.

In summary , the follo wing steps w ere necessary to compute the principal comp o-

nen ts: �rst, compute the matrix K , second, compute its Eigen v ectors and normalize

them in F ; third, compute pro jections of a test p oin t on to the Eigen v ectors.

2

F or the sak e of simplicit y , w e ha v e ab o v e made the assumption that the observ ations

are cen tered. This is easy to ac hiev e in input space, but more di�cult in F , as w e

cannot explicitely compute the mean of the mapp ed observ ations in F . There is,

ho w ev er, a w a y to do it, and this leads to sligh tly mo di�ed equations for k ernel-based

PCA (see App endix D.2.2).

T o conclude this section, note that � can b e an arbitrary nonlinear map in to the

p ossibly high-dimensional space F , e.g. the space of all d -th order monomials in the

en tries of an input v ector. In that case, w e need to compute dot pro ducts of input

v ectors mapp ed b y �, with a p ossibly prohibitiv e computational cost. The solution

to this problem, ho w ev er, is to use k ernel functions (1.14) | w e exclusively need

2

Note that in our deriv ation w e could ha v e used the kno wn result (e.g. Kirb y & Siro vic h, 1990)

that PCA can b e carried out on the dot pro duct matrix ( x

i

� x

j

)

ij

instead of (3.1), ho w ev er, for the

sak e of clarit y and extendabilit y (in App endix D.2.2, w e shall consider the question ho w to cen ter

the data in F ), w e ga v e a detailed deriv ation.
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R2
linear PCA

R2

F
F

kernel PCA

k

k(x,y) = (x.y)

e.g. k(x,y) = (x.y)d

x

x
x xx

x

x

x
xx

x

x
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x
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x
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x
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x
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x

x

x

FIGURE 3.1: The basic idea of k ernel PCA. In some high-dimensional feature space F

(b ottom right), w e a re p erfo rming linea r PCA, just as a PCA in input space (top). Since

F is nonlinea rly related to input space (via � ), the contour lines of constant p rojections

onto the p rincipal Eigenvecto r (dra wn as an a rro w) b ecome nonlinea r in input space. Note

that w e cannot dra w a p re-image of the Eigenvecto r in input space, as it ma y not even

exist. Crucial to k ernel PCA is the fact that there is no need to p erfo rm the map into F :

all necessa ry computations a re ca rried out b y the use of a k ernel function k in input space

(here: R

2

).

to compute dot pro ducts b et w een mapp ed patterns (in (3.12) and (3.17)); we never

ne e d the mapp e d p atterns explicitely. Therefore, w e can use the k ernels describ ed in

Sec. 1.3. The particular k ernel used then implicitely determines the space F of all

p ossible features. The prop osed algorithm, on the other hand, is a mec hanism for

sele cting features in F .

3.3 Kernel Principal Comp onent Analysis

The Algo rithm. T o p erform k ernel-based PCA (Fig. 3.1), from no w on referred to

as kernel PCA , the follo wing steps ha v e to b e carried out: �rst, w e compute the

matrix K

ij

= ( k ( x

i

; x

j

))

ij

. Next, w e solv e (3.14) b y diagonalizing K , and normalize

the Eigen v ector expansion co e�cien ts �

n

b y requiring �

n

( �

n

� �

n

) = 1. T o extract

the principal comp onen ts (corresp onding to the k ernel k ) of a test p oin t x , w e then
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S (V.F (x)) = S ai k (xi,x)

input vector x

sample x1, x2, x3,...

comparison: k(xi,x)

feature value

weights (Eigenvector coefficients)a1 a2  a3  a4

k k k k

FIGURE 3.2: F eature extracto r constructed b y k ernel PCA (cf. (3.18)). In the �rst la y er,

the input vecto r is compa red to the sample via a k ernel function, chosen a p rio ri (e.g.

p olynomial, Gaussian, o r sigmoid). The outputs a re then linea rly combined using w eights

which a re found b y solving an Eigenvecto r p roblem. As sho wn in the text, the depicted

net w o rk's function can b e thought of as the p rojection onto an Eigenvecto r of a cova riance

matrix in a high-dimensional feature space. As a function on input space, it is nonlinea r.

compute pro jections on to the Eigen v ectors b y (cf. Eq. (3.17), Fig. 3.2),

( V

n

� �( x )) =

M

X

i =1

�

n

i

k ( x

i

; x ) : (3.18)

If w e use a k ernel satisfying Mercer's conditions (Prop osition 1.3.2), w e kno w that

this pro cedure exactly corresp onds to standard PCA in some high-dimensional feature

space, except that w e do not need to p erform exp ensiv e computations in that space.

Prop erties of Kernel-PCA. F or Mercer k ernels, w e kno w that w e are in fact doing

a standard PCA in F . Consequen tly , all mathematical and statistical prop erties of

PCA (see for instance Jolli�e, 1986; Diaman taras & Kung, 1996) carry o v er to k ernel-

based PCA, with the mo di�cations that they b ecome statemen ts ab out a set of p oin ts

�( x

i

) ; i = 1 ; : : : ; M , in F rather than in R

N

. In F , w e can th us assert that PCA is

the orthogonal basis transformation with the follo wing prop erties (assuming that the

Eigen v ectors are sorted in ascending order of the Eigen v alue size):

� the �rst q ( q 2 f 1 ; : : : ; M g ) principal comp onen ts, i.e. pro jections on Eigen v ec-

tors, carry more v ariance than an y other q orthogonal directions

� the mean-squared appro ximation error in represen ting the observ ations b y the

�rst q principal comp onen ts is minimal

3

3

T o see this, in the simple case where the data z

1

; : : : ; z

`

are cen tered, w e consider an orthogonal
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� the principal comp onen ts are uncorrelated

� the �rst q principal comp onen ts ha v e maximal m utual information with resp ect

to the inputs (this holds under Gaussianit y assumptions, and th us dep ends on

the particular k ernel c hosen and on the data)

T o translate these prop erties of PCA in F in to statemen ts ab out the data in input

space, they need to b e in v estigated for sp eci�c c hoices of a k ernels. W e conclude this

section b y noting one general prop ert y of k ernel PCA in input space: for k ernels whic h

dep end only on dot pro ducts or distances in input space (as all the examples that w e

ha v e giv en so far do), k ernel PCA has the prop ert y of unitary in v ariance. This follo ws

directly from the fact that b oth the Eigen v alue problem and the feature extraction

only dep end on k ernel v alues. This ensures that the features extracted do not dep end

on whic h orthonormal co ordinate system w e use for represen ting our input data.

Computational Complexit y . As men tioned in Sec. 1.3, a �fth order p olynomial k er-

nel on a 256-dimensional input space yields a 10

10

-dimensional feature space. F or t w o

reasons, k ernel PCA can deal with this h uge dimensionalit y . First, as p oin ted out in

Sect. 3.2 w e do not need to lo ok for Eigen v ectors in the full space F , but just in the

subspace spanned b y the images of our observ ations x

k

in F . Second, w e do not need

to compute dot pro ducts explicitely b et w een v ectors in F (whic h can b e imp ossible

in practice, ev en if the v ectors liv e in a lo w er-dimensional subspace), as w e are using

k ernel functions. Kernel PCA th us is computationally comparable to a linear PCA

on ` observ ations with an ` � ` dot pro duct matrix. If k is easy to compute, as for

p olynomial k ernels, e.g., the computational complexit y is hardly c hanged b y the fact

that w e need to ev aluate k ernel functions rather than just dot pro ducts. F urthermore,

in the case where w e need to use a large n um b er ` of observ ations, w e ma y w an t to

w ork with an algorithm for computing only the largest Eigen v alues, as for instance the

p o w er metho d with de
ation (for a discussion, see Diaman taras & Kung, 1996). In

addition, w e can consider using an estimate of the matrix K , computed from a subset

of M < ` examples, while still extracting principal comp onen ts from all ` examples

(this approac h w as c hosen in some of our exp erimen ts describ ed b elo w).

The situation can b e di�eren t for principal comp onen t extraction. There, w e ha v e

to ev aluate the k ernel function M times for eac h extracted principal comp onen t (3.18),

basis transformation W , and use the notation P

q

for the pro jector on the �rst q canonical basis

v ectors f e

1

; : : : ; e

q

g . Then the mean squared reconstruction error using q v ectors is

1

`

X

i

k z

i

� W

>

P

q

W z

i

k

2

=

1

`

X

i

k W z

i

� P

q

W z

i

k

2

=

1

`

X

i

X

j >q

( W z

i

� e

j

)

2

=

1

`

X

i

X

j >q

( z

i

� W

>

e

j

)

2

=

1

`

X

i

X

j >q

( W

>

e

j

� z

i

)( z

i

� W

>

e

j

) =

X

j >q

( W

>

e

j

� C W

>

e

j

) :

It can easily b e seen that the v alues of this quadratic form (whic h giv es the v ariances in the directions

W

>

e

j

) are minimal if the W

>

e

j

are c hosen as its (orthogonal) Eigen v ectors with smallest Eigen v alues.
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rather than just ev aluating one dot pro duct as for a linear PCA. Of course, if the di-

mensionalit y of F is 10

10

, this is still v astly faster than linear principal comp onen t

extraction in F . Still, in some cases, e.g. if w e w ere to extract principal comp onen ts

as a prepro cessing step for classi�cation, w e migh t w an t to sp eed up things. This can

b e carried out b y the reduced set tec hnique of Burges (1996) (cf. App endix D.1.1),

prop osed in the con text of Supp ort V ector mac hines. In the presen t setting, w e ap-

pro ximate eac h Eigen v ector

V =

`

X

i =1

�

i

�( x

i

) (3.19)

(Eq. (3.10)) b y another v ector

~

V =

m

X

j =1

�

j

�( z

j

) ; (3.20)

where m < ` is c hosen a priori according to the desired sp eed-up, and z

j

2 R

N

; j =

1 ; : : : ; m . This is done b y minimizing the squared di�erence

� = k V �

~

V k

2

: (3.21)

This can b e carried out without explicitely dealing with the p ossibly high-dimensional

space F . Since

� = k V k +

m

X

i;j =1

�

i

�

j

k ( z

i

; z

j

) � 2

`

X

i =1

m

X

j =1

�

i

�

j

k ( x

i

; z

j

) ; (3.22)

the gradien t of � with resp ect to the �

j

and the z

j

is readily expressed in terms of the

k ernel function, th us � can b e minimized b y standard gradien t metho ds. F or the task

of handwritten c haracter recognition, this tec hnique led to a sp eed-up b y a factor of

50 at almost no loss in accuracy (Burges & Sc h• olk opf, 1996; cf. Sec. 4.4.1).

Finally , w e add that although k ernel principal comp onen t extraction is computa-

tionally more exp ensiv e than its linear coun terpart, this additional in v estmen t can

pa y bac k afterw ards. In exp erimen ts on classi�cation based on the extracted princi-

pal comp onen ts, w e found when w e trained on nonlinear features, it w as su�cien t to

use a linear Supp ort V ector mac hine to construct the decision b oundary . Linear Sup-

p ort V ector mac hines, ho w ev er, are m uc h faster in classi�cation sp eed than nonlinear

ones. This is due to the fact that for k ( x ; y ) = ( x � y ), the Supp ort V ector deci-

sion function (2.25) can b e expressed with a single w eigh t v ector w =

P

`

i =1

y

i

�

i

x

i

as

f ( x ) = sgn(( x � w ) + b ) : Th us the �nal stage of classi�cation can b e done extremely fast;

the sp eed of the principal comp onen t extraction phase, on the other hand, and th us

the accuracy-sp eed trade-o� of the whole classi�er, can b e con trolled b y the n um b er

of comp onen ts whic h w e extract, or b y the n um b er m (cf. Eq. (3.20)).
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Interp retabilit y and V a riable Selection. In PCA, it is sometimes desirable to b e

able to select sp eci�c axes whic h span the subspace in to whic h one pro jects in doing

principal comp onen t extraction. This w a y , it ma y for instance b e p ossible to c ho ose

v ariables whic h are more accessible to in terpretation. In the nonlinear case, there is

an additional problem: some elemen ts of F do not ha v e pre-images in input space.

T o mak e this plausible, note that the linear span of the training examples mapp ed

in to feature space can ha v e dimensionalit y up to M (the n um b er of examples). If

this exceeds the dimensionalit y of input space, it is rather unlik ely that eac h v ector

of the form (3.10) has a pre-image (cf. App endix D.1.2). T o get in terpretabilit y , w e

th us need to �nd directions in input space (i.e. input v ariables) whose images under

� span the PCA subspace in F . This can b e done with an approac h akin to the one

describ ed ab o v e: w e could parametrize our set of desired input v ariables and run the

minimization of (3.22) only o v er those parameters. The parameters can b e e.g. group

parameters whic h determine the amoun t of translation, sa y , starting from a set of

images.

Dimensionalit y Reduction, F eature Extraction, and Reconstruction. Unlik e linear

PCA, the prop osed metho d allo ws the extraction of a n um b er of principal comp onen ts

whic h c an exceed the input dimensionalit y . Supp ose that the n um b er of observ ations

M exceeds the input dimensionalit y N . Linear PCA, ev en when it is based on the

M � M dot pro duct matrix, can �nd at most N nonzero Eigen v alues | they are

iden tical to the nonzero Eigen v alues of the N � N co v ariance matrix. In con trast,

k ernel PCA can �nd up to M nonzero Eigen v alues | a fact that illustrates that it

is imp ossible to p erform k ernel PCA directly on an N � N co v ariance matrix. Ev en

more features could b e extracted b y using sev eral k ernels.

Being just a basis transformation, standard PCA allo ws the reconstruction of the

original patterns x

i

; i = 1 ; : : : ; `; from a complete set of extracted principal comp onen ts

( x

i

� v

j

) ; j = 1 ; : : : ; ` , b y expansion in the Eigen v ector basis. Ev en from an incomplete

set of comp onen ts, go o d reconstruction is often p ossible. In k ernel PCA, this is more

di�cult: w e can reconstruct the image of a pattern in F from its nonlinear comp onen ts;

ho w ev er, if w e only ha v e an appro ximate reconstruction, there is no guaran tee that

w e can �nd an exact pre-image of the reconstruction in input space. In that case, w e

w ould ha v e to resort to an appro ximation metho d (cf. (3.22)). Alternativ ely , w e could

use a suitable regression metho d for estimating the reconstruction mapping from the

k ernel-based principal comp onen ts to the inputs.

Compa rison to Other Metho ds fo r Nonlinea r PCA. Starting from some of the

prop erties c haracterizing PCA (see ab o v e), it is p ossible to dev elop a n um b er of p ossi-

ble generalizations of linear PCA to the nonlinear case. Alternativ ely , one ma y c ho ose

an iterativ e algorithm whic h adaptiv ely estimates principal comp onen ts, and mak e

some of its parts nonlinear to extract nonlinear features. Rather than giving a full

review of this �eld here, w e brie
y describ e just three approac hes, and refer the reader

to Diaman taras & Kung (1996) for more details.
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Hebbian Networks. Initiated b y the pioneering w ork of Oja (1982), a n um b er of

unsup ervised neural-net w ork t yp e algorithms computing principal comp onen ts ha v e

b een prop osed (e.g. Sanger, 1989). Compared to the standard approac h of diago-

nalizing the co v ariance matrix, they ha v e adv an tages for instance in cases where the

data are nonstationary . Nonlinear v arian ts of these algorithms are obtained b y adding

nonlinear activ ation functions. The algorithms then extract features that the authors

ha v e referred to as nonlinear principal comp onen ts. These approac hes, ho w ev er, do

not ha v e the geometrical in terpretation of k ernel PCA as a standard PCA in a feature

space nonlinearly related to input space, and it is th us more di�cult to understand

what exactly they are extracting. F or a discussion of some approac hes, see (Karh unen

and Joutsensalo, 1995).

A uto asso ciative Multi-L ayer Per c eptr ons. Consider a linear p erceptron with one

hidden la y er, whic h is smaller than the input. If w e train it to repro duce the input

v alues as outputs (i.e. use it in autoasso ciativ e mo de), then the hidden unit activ ations

form a lo w er-dimensional represen tation of the data, closely related to PCA (see for

instance Diaman taras & Kung, 1996). T o generalize to a nonlinear setting, one uses

nonlinear activ ation functions and additional la y ers.

4

While this of course can b e

considered a form of nonlinear PCA, it should b e stressed that the resulting net w ork

training consists in solving a hard nonlinear optimization problem, with the p ossibilit y

to get trapp ed in lo cal minima, and th us with a dep endence of the outcome on the

starting p oin t of the training. Moreo v er, in neural net w ork implemen tations there is

often a risk of getting o v er�tting. Another dra wbac k of neural approac hes to nonlinear

PCA is that the n um b er of comp onen ts to b e extracted has to b e sp eci�ed in adv ance.

As an aside, note that h yp erb olic tangen t k ernels can b e used to extract neural net w ork

t yp e nonlinear features using k ernel PCA (Fig. 3.6). The principal comp onen ts of a

test p oin t x in that case tak e the form (Fig. 3.2)

P

i

�

n

i

tanh( � ( x

i

; x ) + �).

Princip al Curves. An approac h with a clear geometric in terpretation in input

space is the metho d of principal curv es (Hastie & Stuetzle, 1989), whic h iterativ ely

estimates a curv e (or surface) capturing the structure of the data. The data are

pro jected on to (i.e. mapp ed to the closest p oin t on) a curv e, and the algorithm tries

to �nd a curv e with the prop ert y that eac h p oin t on the curv e is the a v erage of all

data p oin ts pro jecting on to it. It can b e sho wn that the only straigh t lines satisfying

the latter are principal comp onen ts, so principal curv es are indeed a generalization of

the latter. T o compute principal curv es, a nonlinear optimization problem has to b e

solv ed. The dimensionalit y of the surface, and th us the n um b er of features to extract,

is sp eci�ed in adv ance. Some authors (e.g. Ritter, Martinetz, and Sc h ulten, 1990) ha v e

discussed parallels b et w een the Principal Curv e algorithm and self-organizing feature

maps (Kohonen, 1982) for dimensionalit y reduction.

4

Simply using nonlinear activ ation functions in the hidden la y er w ould not su�ce: already the

linear activ ation functions lead to the b est appro ximation of the data (giv en the n um b er of hidden

no des), so for the nonlinearities to ha v e an e�ect on the comp onen ts, the arc hitecture needs to b e

c hanged (see e.g. Diaman taras & Kung, 1996).
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Kernel PCA. Kernel PCA is a nonlinear generalization of PCA in the sense that (a)

it is p erforming PCA in feature spaces of arbitrarily large (p ossibly in�nite) dimension-

alit y , and (b) if w e use the k ernel k ( x ; y ) = ( x � y ), w e reco v er original PCA. Compared

to the ab o v e approac hes, k ernel PCA has the main adv an tage that no nonlinear opti-

mization is in v olv ed | it is essen tially linear algebra, as simple as standard PCA. In

addition, w e need not sp ecify the n um b er of comp onen ts that w e w an t to extract in

adv ance. Compared to neural approac hes, k ernel PCA could b e disadv an tageous if w e

need to pro cess a v ery large n um b er of observ ations, as this results in a large matrix

K . Compared to principal curv es, k ernel PCA is so far harder to in terpret in input

space; ho w ev er, at least for p olynomial k ernels, it has a v ery clear in terpretation in

terms of higher-order features.

3.4 F eature Extraction Exp eriments

In this section, w e presen t a set of exp erimen ts where w e used k ernel PCA (in the form

giv en in App endix D.2.2) to extract principal comp onen ts. First, w e shall tak e a lo ok

at a simple to y example; follo wing that, w e describ e real-w orld exp erimen ts where w e

assess the utilit y of the extracted principal comp onen ts b y classi�cation tasks.

T o y Examples. T o pro vide some in tuition on ho w PCA in F b eha v es in input space,

w e sho w a set of exp erimen ts with an arti�cial 2-D data set, using p olynomial k ernels

(cf. Eq.( 2.26)) of degree 1 through 4 (see Fig. 3.3). Linear PCA (on the left) only

leads to 2 nonzero Eigen v alues, as the input dimensionalit y is 2. In con trast, nonlinear

PCA allo ws the extraction of further comp onen ts. In the �gure, note that nonlinear

PCA pro duces con tour lines of constan t feature v alue whic h re
ect the structure in

the data b etter than in linear PCA. In all cases, the �rst principal comp onen t v aries

monotonically along the parab ola whic h underlies the data. In the nonlinear cases,

also the second and the third comp onen ts sho w b eha viour whic h is similar for di�er-

en t p olynomial degrees. The third comp onen t, whic h comes with small Eigen v alues

(rescaled to sum to 1), seems to pic k up the v ariance caused b y the noise, as can b e

nicely seen in the case of degree 2. Dropping this comp onen t w ould th us amoun t to

noise reduction.

In Fig. 3.3, it can b e observ ed that for larger p olynomial degrees, the principal

comp onen t extraction functions b ecome increasingly 
at around the origin. Th us,

di�eren t data p oin ts not to o far from the origin w ould only di�er sligh tly in the v alue

of their principal comp onen ts. T o understand this, consider the follo wing example:

supp ose w e ha v e t w o data p oin ts

x

1

=

 

1

0

!

; x

2

=

 

2

0

!

; (3.23)

and a k ernel k ( x ; y ) := ( x � y )

2

: Then the di�erences b et w een the en tries of x

1

and
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FIGURE 3.3: Tw o-dimensional to y example, with data generated in the follo wing w a y: x -

values have unifo rm distribution in [ � 1 ; 1] , y -values a re generated from y

i

= x

2

i

+ � , w ere

� is no rmal noise with standa rd deviation 0.2. F rom left to right, the p olynomial degree

in the k ernel (2.26) increases from 1 to 4; from top to b ottom, the �rst 3 Eigenvecto rs

a re sho wn, in o rder of decreasing Eigenvalue size. The �gures contain lines of constant

p rincipal comp onent value (contour lines); in the linea r case, these a re o rthogonal to the

Eigenvecto rs. W e did not dra w the Eigenvecto rs, as in the general case, they live in a

higher-dimensional feature space.

x

2

get scaled up b y the k ernel, namely k ( x

1

; x

1

) = 1, but k ( x

2

; x

2

) = 16. W e can

comp ensate for this b y rescaling the individual en tries of eac h v ector x

i

b y

( x

i

)

k

7! sign (( x

i

)

k

) � j ( x

i

)

k

j

1

2

: (3.24)

Indeed, Fig. 3.4 sho ws that when the data are prepro cessed according to (3.24) (where

higher degrees are treated corresp ondingly), the �rst principal comp onen t extractors

do hardly dep end on the degree an ymore, as long as it is larger than 1. If necessary ,
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FIGURE 3.4: PCA with k ernel (2.26), degrees d = 1 ; : : : ; 5 . 100 p oints (( x

i
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1

; ( x

i
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2

) w ere

generated from ( x

i

)

2

= ( x

i

)

2

1
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. Displa y ed a re contour lines of

constant value of the �rst p rincipal comp onent. Nonlinea r k ernels ( d > 1 ) extract features

which nicely increase along the direction of main va riance in the data; linea r PCA ( d = 1 )

do es its b est in that resp ect, to o, but it is limited to straight directions.

FIGURE 3.5: Tw o-dimensional to y example with three data clusters (Gaussians with stan-

da rd deviation 0.1, depicted region: [ � 1 ; 1] � [ � 0 : 5 ; 1] ): �rst 8 nonlinea r p rincipal com-

p onents extracted with k ( x ; y ) = exp ( �k x � y k

2

= 0 : 1) . Note that the �rst 2 p rincipal

comp onent (top left) nicely sepa rate the three clusters. The comp onents 3 { 5 split up the

clusters into halves. Simila rly , the comp onents 6 { 8 split them again, in a w a y o rthogonal

to the ab ove splits. Thus, the �rst 8 comp onents divide the data into 12 regions.

w e can th us use (3.24) to prepro cess our data. Note, ho w ev er, that the ab o v e scaling

problem is irrelev an t for the c haracter and ob ject databases to b e considered b elo w:

there, most en tries of the patterns are � 1.

F urther to y examples, using radial basis function k ernels (1.28) and neural net w ork

t yp e sigmoid k ernels (1.29), are sho wn in �gures 3.5 { 3.8.

Object Recognition. In this set of exp erimen ts, w e used the MPI c hair database

with 89 training views p er ob ject (App endix A). W e computed the matrix K from all
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FIGURE 3.6: Tw o-dimensional to y example with three data clusters (Gaussians with stan-

da rd deviation 0.1, depicted region: [ � 1 ; 1] � [ � 0 : 5 ; 1] ): �rst 6 nonlinea r p rincipal com-

p onents extracted with k ( x ; y ) = tanh (2( x � y ) � 1) (the gain and threshold values w ere

chosen acco rding to the values used in SV machines, cf. T able 2.4). Note that the �rst 2

p rincipal comp onents a re su�cient to sepa rate the three clusters, and the third and fourth

comp onent simultaneously split all clusters into halves.

2225 training examples, and used p olynomial k ernel PCA to extract nonlinear principal

comp onen ts from the training and test set. T o assess the utilit y of the comp onen ts, w e

trained a soft margin h yp erplane classi�er (Sec. 2.1.3) on the classi�cation task. This is

a sp ecial case of Supp ort V ector mac hines, using the standard dot pro duct as a k ernel

function. T able 3.1 summarizes our �ndings: in all cases, nonlinear comp onen ts as

extracted b y p olynomial k ernels (Eq. (2.26) with d > 1) led to classi�cation accuracies

sup erior to standard PCA. Sp eci�cally , the nonlinear comp onen ts a�orded top test

p erformances b et w een 2% and 4% error, whereas in the linear case w e obtained 17%.

Cha racter Recognition. T o v alidate the ab o v e results on a widely used pattern re-

cognition b enc hmark database, w e rep eated the same exp erimen ts on the US p ostal

service database of handwritten digits (App endix C). This database con tains 9298

examples of dimensionalit y 256; 2007 of them mak e up the test set. F or computa-

tional reasons, w e decided to use a subset of 3000 training examples for the matrix K .

T able 3.2 illustrates t w o adv an tages of using nonlinear k ernels: �rst, p erformance of a

linear classi�er trained on nonlinear principal comp onen ts is b etter than for the same

n um b er of linear comp onen ts; second, the p erformance for nonlinear comp onen ts can

b e further impro v ed b y using more comp onen ts than p ossible in the linear case. The

latter is related to the fact that of course there are man y more higher-order features

than there are pixels in an image. Regarding the �rst p oin t, note that extracting a

certain n um b er of features in a 10

10

-dimensional space constitutes a m uc h higher reduc-
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FIGURE 3.7: F o r di�erent threshold values � (from top to b ottom: � = � 4 ; � 2 ; � 1 ; 0 ; 2 ),

k ernel PCA with hyp erb olic tangent k ernels k ( x ; y ) = tanh (2( x � y ) + �) exhibits qual-

itatively simila r b ehaviour (data as in the p revious �gures). In all cases, the �rst t w o

comp onents capture the main structure of the data, whereas the third comp onents split

the clusters.
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FIGURE 3.8: A smo oth transition from linea r PCA to nonlinea r PCA is obtained b y using

hyp erb olic tangent k ernels k ( x ; y ) = tanh ( � ( x � y ) + 1) with va rying gain � : from top

to b ottom, � = 0 : 1 ; 1 ; 5 ; 10 (data as in the p revious �gures). F o r � = 0 : 1 , the �rst t w o

features lo ok lik e linea r PCA features. F o r la rge � , the nonlinea r region of the tanh function

b ecomes e�ective. In that case, k ernel PCA can exploit this nonlinea rit y to allo cate the

highest feature gradients to regions where there a re data p oints, as can b e seen nicely in

the case � = 10 .
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T est Error Rate for degree

# of comp onen ts 1 2 3 4 5 6 7

64 23.0 21.0 17.6 16.8 16.5 16.7 16.6

128 17.6 9.9 7.9 7.1 6.2 6.0 5.8

256 16.8 6.0 4.4 3.8 3.4 3.2 3.3

512 n.a. 4.4 3.6 3.9 2.8 2.8 2.6

1024 n.a. 4.1 3.0 2.8 2.6 2.6 2.4

2048 n.a. 4.1 2.9 2.6 2.5 2.4 2.2

T ABLE 3.1: T est erro r rates on the MPI chair database fo r linea r Supp o rt V ecto r machines

trained on nonlinea r p rincipal comp onents extracted b y PCA with p olynomial k ernel (2.26),

fo r degrees 1 through 7. In the case of degree 1, w e a re doing standa rd PCA, with the

numb er of nonzero Eigenvalues b eing at most the dimensionalit y of the space, 256; thus,

w e can extract at most 256 p rincipal comp onents. The p erfo rmance fo r the nonlinea r cases

(degree > 1 ) is signi�cantly b etter than fo r the linea r case, illustrating the utilit y of the

extracted nonlinea r comp onents fo r classi�cation.

T est Error Rate for degree

# of comp onen ts 1 2 3 4 5 6 7

32 9.6 8.8 8.1 8.5 9.1 9.3 10.8

64 8.8 7.3 6.8 6.7 6.7 7.2 7.5

128 8.6 5.8 5.9 6.1 5.8 6.0 6.8

256 8.7 5.5 5.3 5.2 5.2 5.4 5.4

512 n.a. 4.9 4.6 4.4 5.1 4.6 4.9

1024 n.a. 4.9 4.3 4.4 4.6 4.8 4.6

2048 n.a. 4.9 4.2 4.1 4.0 4.3 4.4

T ABLE 3.2: T est erro r rates on the USPS handwritten digit database fo r linea r Supp o rt

V ecto r machines trained on nonlinea r p rincipal comp onents extracted b y PCA with k ernel

(2.26), fo r degrees 1 through 7. In the case of degree 1, w e a re doing standa rd PCA, with

the numb er of nonzero Eigenvalues b eing at most the dimensionalit y of the space, 256.

Clea rly , nonlinea r p rincipal comp onents a�o rd test erro r rates which a re sup erio r to the

linea r case (degree 1).

tion of dimensionalit y than extracting the same n um b er of features in 256-dimensional

input space.

F or all n um b ers of features, the optimal degree of k ernels to use is around 4, whic h

is compatible with Supp ort V ector mac hine results on the same data set (cf. Sec. 2.3

and Fig. 2.16). Moreo v er, with only one exception, the nonlinear features are sup erior

to their linear coun terparts. The resulting error rate for the b est of our classi�ers

(4.0%) is comp etitiv e with con v olutional 5-la y er neural net w orks (5.0% w ere rep orted

b y LeCun et al., 1989) and nonlinear Supp ort V ector classi�ers (4.0%, T able 2.4); it
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is m uc h b etter than linear classi�ers op erating directly on the image data (a linear

Supp ort V ector mac hine ac hiev es 8.9%; T able 2.4). Our results w ere obtained without

using an y prior kno wledge ab out symmetries of the problem at hand, explaining wh y

the p erformance is inferior to Virtual Supp ort V ector classi�ers (3.2%, T able 4.1),

and T angen t Distance Nearest Neigh b our classi�ers (2.6%, Simard, LeCun, & Denk er,

1993). W e b eliev e that adding e.g. lo cal translation in v ariance, b e it b y generating

\virtual" translated examples (cf. Sec. 4.2.1) or b y c ho osing a suitable k ernel (e.g. as

the ones that w e shall describ e in Sec. 4.3), could further impro v e the results.

3.5 Discussion

F eature Extraction fo r Classi�cation. This c hapter w as dev oted to the presen tation

of a new tec hnique for nonlinear PCA. T o dev elop this tec hnique, w e made use of a

k ernel metho d so far only used in sup ervised learning (V apnik, 1995; Sec. 1.3). Kernel

PCA constitutes a mere �rst step to w ards exploiting this tec hnique for a large class of

algorithms.

In exp erimen ts comparing the utilit y of k ernel PCA features for pattern recognition

using a linear classi�er, w e found t w o adv an tages of nonlinear k ernels: �rst, nonlinear

principal comp onen ts a�orded b etter recognition rates than corresp onding n um b ers of

linear principal comp onen ts; and second, the p erformance for nonlinear comp onen ts

can b e further impro v ed b y using more comp onen ts than p ossible in the linear case.

W e ha v e not y et compared k ernel PCA to other tec hniques for nonlinear feature extrac-

tion and dimensionalit y reduction. W e can, ho w ev er, compare results to other feature

extraction metho ds whic h ha v e b een used in the past b y researc hers w orking on the

USPS classi�cation problem (cf. Sec. 3.4). Our system of k ernel PCA feature extrac-

tion plus linear supp ort v ector mac hine for instance p erformed b etter than LeNet1

(LeCun et al., 1989). Ev en though the latter result has b een obtained a n um b er of

y ears ago, it should b e stressed that LeNet1 pro vides an arc hitecture whic h con tains a

great deal of prior information ab out the handwritten c haracter classi�cation problem.

It uses shared w eigh ts to impro v e transformation in v ariance, and a hierarc h y of feature

detectors resem bling parts of the h uman visual system. These feature detectors w ere

for instance used b y Bottou and V apnik (1992) as a prepro cessing stage in their exp er-

imen ts in lo cal learning. Note that, in addition, our features w ere extracted without

taking in to accoun t that w e w an t to do classi�cation. Clearly , in sup ervised learning,

where w e are giv en a set of lab elled observ ations ( x

1

; y

1

) ; : : : ; ( x

`

; y

`

), it w ould seem

advisable to mak e use of the lab els not only during the training of the �nal classi�er,

but already in the stage of feature extraction.

T o conclude this paragraph on feature extraction for classi�cation, w e note that a

similar approac h could b e tak en in the case of regression estimation.

F eature Space and the Curse of Dimensionalit y . W e are doing PCA in 10

10

-

dimensional feature spaces, y et getting results in �nite time whic h are comparable

to state-of-the-art tec hniques. In fact, of course, w e are not w orking in the full feature



3.5. DISCUSSION 97

space, but just in a comparably small linear subspace of it, whose dimension equals

at most the n um b er of observ ations. The metho d automatically c ho oses this subspace

and pro vides a means of taking adv an tage of the lo w er dimensionalit y | an approac h

whic h consisted in explicitely mapping in to feature space and then p erforming PCA

w ould ha v e sev ere di�culties at this p oin t: ev en if PCA w as done based on an M � M

dot pro duct matrix ( M b eing the sample size) whose diagonalization is tractable, it

w ould still b e necessary to ev aluate dot pro ducts in a 10

10

-dimensional feature space

to compute the entries of the matrix in the �rst place. Kernel-based metho ds a v oid

this problem | they do not explicitely compute all dimensions of F (lo osely sp eaking,

all p ossible features), but only w ork in a relev an t subspace of F .

Note, moreo v er, that w e did not get o v er�tting problems when training the linear

SV classi�er on the extracted features. The basic idea b ehind this t w o-step approac h

is v ery similar in spirit to nonlinear SV mac hines: one maps in to a v ery complex space

to b e able to appro ximate a large class of p ossible decision functions, and then uses a

lo w V C-dimension classi�er in that space to con trol generalization.

Conclusion. Compared to other tec hniques for nonlinear feature extraction, k ernel

PCA has the adv an tages that it do es not require nonlinear optimization, but only the

solution of an Eigen v alue problem, and b y the p ossibilit y to use di�eren t k ernels, it

comprises a fairly general class of nonlinearities that can b e used. Clearly , the last

p oin t has y et to b e ev aluated in practice, ho w ev er, for the supp ort v ector mac hine, the

utilit y of di�eren t k ernels has already b een established. Di�eren t k ernels (p olynomial,

sigmoid, Gaussian) led to �ne classi�cation p erformances (T able 2.4). The general

question of ho w to select the ideal k ernel for a giv en task (i.e. the appropriate feature

space), ho w ev er, is an op en problem.

W e conclude this c hapter with a t w ofold outlo ok. The scene has b een set for

using the k ernel metho d to construct a wide v ariet y of rather general and still feasible

nonlinear v arian ts of classical algorithms. It is b ey ond the scop e of the presen t w ork

to explore all the p ossibilities, including man y distance-based algorithms, in detail.

Some of them are curren tly b eing in v estigated, for instance nonlinear forms of k -

means clustering and k ernel-based indep enden t comp onen t analysis (Sc h• olk opf, Smola,

& M • uller, 1996). Other domains where researc hers ha v e recen tly started to in v estigate

the use of Mercer k ernels include Gaussian Pro cesses (Williams, 1997).

Linear PCA is b eing used in n umerous tec hnical and scien ti�c applications, includ-

ing noise reduction, densit y estimation, image indexing and retriev al systems, and the

analysis of natural image statistics. Kernel PCA can b e applied to all domains where

traditional PCA has so far b een used for feature extraction, and where a nonlinear

extension w ould mak e sense.
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Chapter 4

Prio r Kno wledge in Supp o rt V ecto r Machines

In 1995, LeCun et al. published a pattern recognition p erformance comparison noting

the follo wing:

\The optimal margin classi�er [i.e. SV mac hine, the author] has excellen t

accuracy , whic h is most remark able, b ecause unlik e the other high p er-

formance classi�ers, it do es not include a priori kno wledge ab out the

problem. In fact, this classi�er w ould do just as w ell if the image pix-

els w ere p erm uted b y a �xed mapping. [...] Ho w ev er, impro v emen ts are

exp ected as the tec hnique is relativ ely new."

One of the k ey p oin ts in dev eloping SV tec hnology is th us the incorp oration of prior

kno wledge ab out giv en tasks. Moreo v er, it is also a k ey p oin t if w e w an t to learn

an ything general ab out the pro cessing of visual information in animals from SV ma-

c hines: ha ving b een exp osed to the w orld for all their life, animals extensiv ely exploit

an y a v ailable kno wledge on regularities and in v ariances of the w orld.

Tw o y ears after the ab o v e statemen t w as published, w e are no w in the p osition to b e

able to dev ote the presen t c hapter to three tec hniques for incorp orating task-sp eci�c

prior kno wledge in SV mac hines (Sc h• olk opf, Burges, and V apnik, 1996a; Sc h• olk opf,

Simard, Smola, and V apnik, 1997a).

4.1 Intro duction

When w e are trying to extract regularities from data, w e often ha v e additional kno wl-

edge ab out functions that w e estimate (for a review, see Abu-Mostafa, 1995). F or

instance, in image classi�cation tasks, there exist transformations whic h lea v e class

mem b ership invariant (e.g. translations); moreo v er, it is usually the case that images

ha v e a lo c al structure in the sense that not all correlations b et w een image regions carry

equal amoun ts of information. W e presen tly in v estigate the question ho w to mak e use

of these t w o sources of kno wledge.

W e �rst presen t the Virtual SV metho d of incorp orating prior kno wledge ab out

transformation in v ariances b y applying transformations to Supp ort V ectors, the train-

ing examples most critical for determining the classi�cation b oundary (Sec. 4.2.1).

99
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In Sec. 4.2.2, w e design k ernel functions whic h lead to in v arian t classi�cation h yp er-

planes. This metho d is applicable to in v ariances under the action of di�eren tiable lo cal

1-parameter groups of lo cal transformations, e.g. translational in v ariance in pattern

recognition; the Virtual SV metho d is applicable to an y t yp e of in v ariance. In the

third metho d prop osed in this c hapter, w e also mo dify the k ernel functions; ho w ev er,

this time not to incorp orate transformation in v ariance, but to tak e in to accoun t im-

age lo calit y b y using lo calized receptiv e �elds (Sec. 4.3). F ollo wing that, Sec. 4.4 and

Sec. 4.5 giv e exp erimen tal results and a discussion, resp ectiv ely .

4.2 Inco rp o rating T ransfo rmation Inva riances

In man y applications of learning pro cedures, certain transformations of the input are

kno wn to lea v e function v alues unc hanged. A t least three di�eren t w a ys of exploiting

this kno wledge ha v e b een used (illustrated in Fig. 4.1):

In the �rst case, the kno wledge is used to generate arti�cial training examples (\vir-

tual examples", P oggio and V etter, 1992; Baird, 1990) b y transforming the training

examples accordingly . It is then hop ed that giv en su�cien t time, the learning mac hine

will extract the in v ariances from the arti�cially enlarged training data.

In the second case, the learning algorithm itself is mo di�ed. This is t ypically done

b y using a mo di�ed error function whic h forces a learning mac hine to construct a

function with the desired in v ariances (Simard et al., 1992).

Finally , in the third case, the in v ariance is ac hiev ed b y c hanging the represen tation

of the data b y �rst mapping them in to a more suitable space; an approac h pursued for

instance b y Segman, Rubinstein, and Zeevi (1992), or V etter and P oggio (1997). The

data represen tation can also b e c hanged b y using a mo di�ed distance metric, rather

than actually c hanging the patterns (e.g. Simard, LeCun, and Denk er, 1993).

Simard et al. (1992) compare the �rst t w o tec hniques and �nd that for the con-

sidered problem | learning a function with three plateaus where function v alues are

lo cally in v arian t | training on the arti�cially enlarged data set is signi�can tly slo w er,

due to b oth correlations in the arti�cial data and the increase in training set size.

Mo ving to real-w orld applications, the latter factor b ecomes ev en more imp ortan t. If

the size of a training set is m ultiplied b y a n um b er of desired in v ariances (b y generating

a corresp onding n um b er of arti�cial examples for eac h training pattern), the resulting

training sets can get rather large (as the ones used b y Druc k er, Sc hapire, and Simard,

1993). Ho w ev er, the metho d of generating virtual examples has the adv an tage of b eing

readily implemen ted for all kinds of learning mac hines and symmetries. If instead of

Lie groups of symmetry transformations one is dealing with discrete symmetries, as the

bilateral symmetries of V etter, P oggio, and B • ultho� (1994); V etter and P oggio (1994),

deriv ativ e-based metho ds suc h as the ones of Simard et al. (1992) are not applicable.

It w ould th us b e desirable to ha v e an in termediate metho d whic h has the adv an tages

of the virtual examples approac h without its computational cost.

The t w o metho ds describ ed in the follo wing try to com bine merits of all the ap-

proac hes men tioned ab o v e. The Virtual SV metho d (Sec. 4.2.1) retains the 
exibilit y
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representationtangentsvirtual examples

FIGURE 4.1: Di�erent w a ys of inco rp o rating inva riances in a decision function. The dashed

line ma rks the \true" b ounda ry , disks and circle a re the training examples. W e assume

that p rio r info rmation tells us that the classi�cation function only dep ends on the no rm of

the input vecto r (the o rigin b eing in the center of each picture). Lines crossing an example

indicate the t yp e of info rmation convey ed b y the di�erent metho ds of inco rp o rating p rio r

info rmation. Left: generating virtual examples in a lo calized region a round each training

example; middle: inco rp o rating a regula rizer to lea rn tangent values (cf. Sima rd, Victo rri,

LeCun, and Denk er, 1992); right: changing the rep resentation of the data b y �rst mapping

each example to its no rm. If feasible, the latter metho d yields the most info rmation.

Ho w ever, if the necessa ry nonlinea r transfo rmation cannot b e found, o r if the desired

inva riances a re of lo calized nature, one has to reso rt to one of the fo rmer techniques.

Finally , the reader ma y note that examples close to the b ounda ry allo w us to exploit

p rio r kno wledge very e�ectively: given a metho d to get a �rst app ro ximation of the true

b ounda ry , the examples closest to it w ould allo w go o d estimation of the true b ounda ry . A

simila r t w o-step app roach is pursued in Sec. 4.2.1. (F rom Sch• olk opf, Burges, and V apnik

(1996a).)

and simplicit y of virtual examples approac hes, while cutting do wn on their computa-

tional cost signi�can tly . The In v arian t Hyp erplane metho d (Sec. 4.2.2), on the other

hand, is comparable to the metho d of Simard et al. (1992) in that it is applicable for all

di�eren tiable lo cal 1-parameter groups of lo cal symmetry transformations, comprising

a fairly general class of in v ariances. In addition, it has an equiv alen t in terpretation

as a prepro cessing op eration applied to the data b efore learning. In this sense, it can

also b e view ed as c hanging the represen tation of the data to a more in v arian t one, in

a task-dep enden t w a y .

4.2.1 The Virtual SV Metho d

In Sec. 2.4, it has b een argued that the SV set con tains all information necessary

to solv e a giv en classi�cation task. It particular, it w as p ossible to train an y one

of three di�eren t t yp es of SV mac hines solely on the Supp ort V ector set extracted
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b y another mac hine, with a test p erformance not w orse than after training on the

full database. Using this �nding as a starting p oin t, w e no w in v estigate the question

whether it migh t b e su�cien t to generate virtual examples from the Supp ort V ectors

only . After all, one migh t hop e that it do es not add m uc h information to generate

virtual examples of patterns whic h are not close to the b oundary . In high-dimensional

cases, ho w ev er, care has to b e exercised regarding the v alidit y of this in tuitiv e picture.

Th us, an exp erimen tal test on a high-dimensional real-w orld problem is imp erativ e.

In our exp erimen ts, w e pro ceeded as follo ws (cf. Fig. 4.2):

1. T rain a Supp ort V ector mac hine to extract the Supp ort V ector set.

2. Generate arti�cial examples b y applying the desired in v ariance transformations

to the Supp ort V ectors. In the follo wing, w e will refer to these examples as

Virtual Supp ort V e ctors (VSVs) .

3. T rain another Supp ort V ector mac hine on the generated examples.

1

If the desired in v ariances are incorp orated, the curv es obtained b y applying Lie sym-

metry transformations to p oin ts on the decision surface should ha v e tangen ts parallel

to the latter (cf. Simard et al., 1992). If w e use small small Lie group transformations

to generate the virtual examples, this implies that the Virtual Supp ort V ectors should

b e appro ximately as close to the decision surface as the original Supp ort V ectors.

Hence, they are fairly lik ely to b ecome Supp ort V ectors after the second training run.

Vice v ersa, if a substan tial fraction of the Virtual Supp ort V ectors turn out to b ecome

supp ort v ectors in the second run, w e ha v e reason to exp ect that the decision surface

do es ha v e the desired shap e.

4.2.2 Constructing Inva riance Kernels

Inva riance b y a Self-Consistency Argument. W e face the follo wing problem: to

express the condition of in v ariance of the decision function, w e already need to kno w

its co e�cien ts whic h are found only during the optimization, whic h in turn should

already tak e in to accoun t the desired in v ariances. As a w a y out of this circle, w e use

the follo wing ansatz: consider decision functions f = sgn � g , where g is de�ned as

g ( x

j

) :=

`

X

i =1

�

i

y

i

( B x

j

� B x

i

) + b; (4.1)

with a matrix B to b e determined b elo w. This follo ws V apnik (1995b), who suggested

to incorp orate in v ariances b y mo difying the dot pro duct used: an y nonsingular B

de�nes a dot pro duct, whic h can equiv alen tly b e written in the form ( x

j

� A x

i

), with

a p ositiv e de�nite matrix A = B

>

B .

1

Clearly , the sc heme can b e iterated; ho w ev er, care has to exercised, since the iteration of lo cal

in v ariances w ould lead to global ones whic h are not alw a ys desirable | cf. the example of a '6'

rotating in to a '9' (Simard, LeCun, and Denk er, 1993).
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?

? ?

?

problem separating hyperplanes

SV hyperplane VSV hyperplane

FIGURE 4.2: Supp ose w e have p rio r kno wledge indicating that the decision function should

b e inva riant with resp ect to ho rizontal translations. The true decision b ounda ry is dra wn

as a dotted line ( top left ); ho w ever, as w e a re just given a limited training sample, di�erent

sepa rating hyp erplanes a re conveivable ( top right ). The SV algo rithm �nds the unique

sepa rating hyp erplane with maximal ma rgin ( b ottom left , which in this case is quite dif-

ferent from the true b ounda ry . F o r instance, it w ould lead to wrong classi�cation of the

ambiguous p oint indicated b y the question ma rk. Making use of the p rio r kno wledge b y

generating Virtual Supp o rt V ecto rs from the Supp o rt V ecto rs found in a �rst tranining run,

and retraining on these, yields a mo re accurate decision b ounda ry ( b ottom right ). Note,

mo reover, that fo r the considered example, it is su�cient to train the SV machine only on

virtual examples generated from the Supp o rt V ecto rs.

Clearly , in v ariance of g under lo cal transformations of all x

j

is a su�cient condition

for the same in v ariance to hold for f = sgn � g , whic h is what w e are aiming for. Strictly

sp eaking, ho w ev er, in v ariance of g is not ne c essary at p oin ts whic h are not Supp ort

V ectors, since these lie in a region where (sgn � g ) is constan t.

The ab o v e notion of in v ariance refers to in v ariance when ev aluating the decision

function. A di�eren t notion could ask the question whether the separating h yp erplane,
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including its margin, w ould c hange if the training examples w ere transformed. It

turns out that when discussing the in v ariance of g rather than f , these t w o concepts

are closely related. In the follo wing argumen t, w e restrict ourselv es to the optimal

margin case ( �

i

= 0 for all i = 1 ; : : : ; ` ), where the margin is w ell-de�ned. As the

separating h yp erplane and its margin are expressed in terms of Supp ort V ectors, lo c al ly

transforming a Supp ort V ector x

i

will c hange the h yp erplane or the margin if g ( x

i

)

c hanges: if j g j gets smaller than 1, the transformed pattern will lie in the margin, and

the recomputed margin will b e smaller; if j g j gets larger than 1, the margin migh t

b ecome bigger, dep ending on whether the pattern can b e expressed in terms of the

other SVs (cf. the remark in p oin t 2 of the en umeration preceding Prop osition 2.1.2).

In terms of the mec hanical analogy of Sec. 2.1.2: mo ving Supp ort V ectors c hanges

the mec hanical equilibrium for the sheet separating the classes. Con v ersely , a lo c al

transformation of a non-Supp ort V ector will nev er c hange f , ev en if the v alue of g

c hanges, as the solution of the programming problem is expressed in terms of the

Supp ort V ectors only .

In this sense, in v ariance of f under lo cal transformations of the giv en data corre-

sp onds to in v ariance of (4.1) for the Supp ort V ectors. Note, ho w ev er, that this criterion

is not readily applicable: b efore �nding the Supp ort V ectors in the optimization, w e

already need to kno w ho w to enforce in v ariance. Th us the ab o v e observ ation cannot

b e used directly , ho w ev er it could serv e as a starting p oin t for constructing heuristics

or iterativ e solutions. In the Virtual SV metho d (Sec. 4.2.1), a �rst run of the stan-

dard SV algorithm is carried out to obtain an initial SV set; similar heuristics could

b e applied in the presen t case.

Lo cal in v ariance of g for eac h pattern x

j

under transformations of a di�eren tiable

lo cal 1-parameter group of lo cal transformations L

t

,

@

@ t

�

�

�

t =0

g ( L

t

x

j

) = 0 ; (4.2)

can b e appro ximately enforced b y minimizing the regularizer

1

`

`

X

j =1

 

@

@ t

�

�

�

t =0

g ( L

t

x

j

)

!

2

: (4.3)

Note that the sum ma y run o v er lab elled as w ell as unlab elled data, so in principle one

could also require the decision function to b e in v arian t with resp ect to transformations

of elemen ts of a test set. Moreo v er, w e could use di�eren t transformations for di�eren t

patterns.

F or (4.1), the lo cal in v ariance term (4.2) b ecomes

@

@ t

�

�

�

t =0

g ( L

t

x

j

) =

@

@ t

�

�

�

t =0

 

`

X

i =1

�

i

y

i

( B L

t

x

j

� B x

i

) + b

!

=

`

X

i =1

�

i

y

i

@

@ t

�

�

�

t =0

( B L

t

x

j

� B x

i

)
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=

`

X

i =1

�

i

y

i

@

1

( B L

0

x

j

� B x

i

) � B

@

@ t

�

�

�

t =0

L

t

x

j

; (4.4)

using the c hain rule. Here, @

1

( B L

0

x

j

� B x

i

) denotes the gradien t of ( x � y ) with resp ect

to x , ev aluated at the p oin t ( x � y ) = ( B L

0

x

j

� B x

i

).

As a side remark, note that a su�cien t, alb eit rather strict condition for in v ariance

is th us that

@

@ t

�

�

�

t =0

( B L

t

x

j

� B x

i

) v anish for all i; j ; ho w ev er, w e will pro ceed in our

deriv ation, with the goal to imp ose w eak er conditions, whic h apply for one sp eci�c

decision function rather than sim ultaneously for all decision functions expressible b y

di�eren t c hoices of the co e�cien ts �

i

y

i

.

Substituting (4.4) in to (4.3), using the facts that L

0

= I and @

1

( x ; y ) = y

>

, yields

the regularizer

1

`

`

X

j =1

 

`

X

i =1

�

i

y

i

( B x

i

)

>

B

@

@ t

�

�

�

t =0

L

t

x

j

!

2

=

1

`

`

X

j =1

 

`

X

i =1

�

i

y

i

( B x

i

)

>

B

@

@ t

�

�

�

t =0

L

t

x

j

!  

`

X

k =1

�

k

y

k

( B

@

@ t

�

�

�

t =0

L

t

x

j

)

>

( B x

k

)

!

=

`

X

i;k =1

�

i

y

i

�

k

y

k

( B x

i

� B C B

>

B x

k

) (4.5)

where

C :=

1

`

`

X

j =1

 

@

@ t

�

�

�

t =0

L

t

x

j

!  

@

@ t

�

�

�

t =0

L

t

x

j

!

>

: (4.6)

W e no w c ho ose B suc h that (4.5) reduces to the standard SV target function (2.7)

in the form obtained b y substituting (2.11) in to it (cf. the quadratic term of (2.13)),

utilizing the dot pro duct c hosen in (4.1), i.e. suc h that

( B x

i

� B C B

>

B x

k

) = ( B x

i

� B x

k

) : (4.7)

Assuming that the x

i

span the whole space, this condition b ecomes

B

>

B C B

>

B = B

>

B ; (4.8)

or, b y requiring B to b e nonsingular, i.e. that no information get lost during the

prepro cessing, B C B

>

= I . This can b e satis�ed b y a prepro cessing matrix

B = C

�

1

2

; (4.9)

the nonnegativ e square ro ot of the in v erse of the nonnegativ e matrix C de�ned in

(4.6). In practice, w e use a matrix

C

�

:= (1 � � ) C + �I ; (4.10)
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with 0 < � � 1 ; instead of C . As C is nonnegativ e, C

�

is in v ertible. F or � = 1, w e

reco v er the standard SV optimal h yp erplane algorithm, other v alues of � determine the

trade-o� b et w een in v ariance and mo del complexit y con trol. It can b e sho wn that using

C

�

corresp onds to using an ob jectiv e function � ( w ) = (1 � � )

P

i

( w �

@

@ t

j

t =0

L

t

x

i

)

2

+

� k w k

2

(see App endix D.3).

By c ho osing the prepro cessing matrix B according to (4.9), w e ha v e obtained a

form ulation of the problem where the standard SV quadratic optimization tec hnique

do es in e�ect minimize the tangen t regularizer (4.3): the maxim um of (2.13) sub ject

to (2.14) and (2.15), using the mo di�ed dot pro duct as in (4.1), coincides with the

minim um of (4.3) sub ject to the separation conditions y

i

� g ( x

i

) � 1, where g is de�ned

as in (4.1).

Note that prepro cessing with B do es not a�ect classi�cation sp eed: since ( B x

j

�

B x

i

) = ( x

j

� B

>

B x

i

), w e can precompute B

>

B x

i

for all SVs x

i

and th us obtain a

mac hine (with mo di�ed SVs) whic h is as fast as a standard SV mac hine (cf. (4.1)).

In the nonlinear case, where k ernel functions k ( x ; y ) are substituted for ev ery

o ccurence of a dot pro duct, the ab o v e analysis of transformation in v ariance leads to

the regularizer

1

`

`

X

j =1

 

`

X

i =1

�

i

y

i

@

1

k ( B x

j

; B x

i

) � B

@

@ t

�

�

�

t =0

L

t

x

j

!

2

: (4.11)

The deriv ativ e of k m ust b e ev aluated for sp eci�c k ernels, e.g. for k ( x ; y ) = ( x � y )

d

,

@

1

k ( x ; y ) = d � ( x � y )

d � 1

� y

>

: T o obtain a k ernel-sp eci�c constrain t on the matrix B ,

one w ould need to equate the result with the quadratic term in the nonlinear ob jectiv e

function,

X

i;k

�

i

y

i

�

k

y

k

k ( B x

i

; B x

k

) : (4.12)

Relationship to Principal Comp onent Analysis. Let us no w pro vide some in terpre-

tation of (4.9) and (4.6). The tangen t v ectors �

@

@ t

j

t =0

L

t

x

j

ha v e zero mean, th us C is a

sample estimate of the co v ariance matrix of the random v ector s �

@

@ t

j

t =0

L

t

x , s 2 f� 1 g

b eing a random sign. Based on this observ ation, w e call C (4.6) the T angent Covari-

anc e Matrix of the data set f x

i

: i = 1 ; : : : ; ` g with resp ect to the transformations

L

t

.

Being p ositiv e de�nite,

2

C can b e diagonalized, C = S D S

>

, with an orthogo-

nal matrix S consisting of C 's Eigen v ectors and a diagonal matrix D con taining the

corresp onding p ositiv e Eigen v alues. Then w e can compute

B = C

�

1

2

= S D

�

1

2

S

>

; (4.13)

where D

�

1

2

is the diagonal matrix obtained from D b y taking the in v erse square

2

it is understo o d that w e use C

�

if C is not de�nite (cf. (4.10))
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ro ots of the diagonal elemen ts. Since the dot pro duct is in v arian t under orthogonal

transformations, w e ma y drop the leading S and (4.1) b ecomes

g ( x

j

) =

`

X

i =1

�

i

y

i

( D

�

1

2

S

>

x

j

� D

�

1

2

S

>

x

i

) + b: (4.14)

A giv en pattern x is th us �rst transformed b y pro jecting it on to the Eigen v ectors of

the tangen t co v ariance matrix C , whic h are the ro ws of S

>

. The resulting feature

v ector is then rescaled b y dividing b y the square ro ots of C 's Eigen v alues.

3

In other

w ords, the directions of main v ariance of the random v ector

@

@ t

j

t =0

L

t

x are scaled bac k,

th us more emphasis is put on features whic h are less v arian t under L

t

. F or example, in

image analysis, if the L

t

represen t translations, more emphasis is put on the relativ e

prop ortions of ink in the image rather than the p ositions of lines. The PCA in ter-

pretation of our prepro cessing matrix suggests the p ossibilit y to regularize and reduce

dimensionalit y b y discarding part of the features, as it is common usage when doing

PCA. As an aside, note that the resulting matrix will still satisfy (4.8).

4

Com bining the PCA in terpretation with the considerations follo wing (4.1) leads

to an in teresting observ ation: b y computing the tangen t co v ariance matrix from the

SVs only , rather than from the full data set, it can b e rendered a task-dep enden t

co v ariance matrix. Although the summation in (4.6) do es not tak e in to accoun t class

lab els y

i

, it then implicitely dep ends on the task to b e solv ed via the SV set, whic h

is computed for giv en the task. Th us, it allo ws the extraction of features whic h are

in v arian t in a task-dep enden t w a y: it do es not matter whether features for \easy"

patterns c hange with transformations, it is more imp ortan t that the \hard" patterns,

close to the decision b oundary , lead to in v arian t features.

The Nonlinea r T angent Cova riance Matrix. W e are no w in a p osition to describ e

a feasible w a y ho w to generalize to the nonlinear case. T o this end, w e use k ernel

principal comp onen t analysis (Chapter 3). This tec hnique allo ws us to compute prin-

cipal comp onen ts in a space F nonlinearly related to input space. The k ernel function

k pla ys the role of the dot pro duct in F , i.e. k ( x ; y ) = (�( x ) � �( y )). T o generalize

(4.14) to the nonlinear case, w e compute the tangen t co v ariance matrix C (Eq. 4.6)

in feature space F , and its pro jection on to the subspace of F whic h is giv en b y the

linear span of the tangen t v ectors in F . There, the considerations of the linear case

3

As an aside, note that our goal to build in v arian t SV mac hines has th us serendipitously pro vided

us with an approac h for an op en problem in SV learning, namely the one of scaling: in SV mac hines,

there has so far b een no w a y of automatically assigning di�eren t w eigh t to di�eren t directions in input

space | in a trained SV mac hine, the w eigh ts of the �rst la y er (the SVs) form a subset of the training

set. Cho osing these Supp ort V ectors from the training set only giv es rather limited p ossibilities for

appropriately dealing with di�eren t scales in di�eren t directions of input space.

4

T o see this, �rst note that if B solv es B

>

B C B

>

B = B

>

B , and B 's p olar decomp osition is

B = U B

s

, with U U

>

= 1 and B

s

= B

>

s

, then B

s

also solv e it. Th us, w e ma y restrict ourselv es to

symmetrical solutions. F or our c hoice B = C

�

1

2

, B comm utes with C , hence they can b e diagonalized

sim ultaneously . In this case, B

2

C B

2

= B

2

clearly can also b e satis�ed b y an y matrix whic h is obtained

from B b y setting an arbitrary selection of Eigen v alues to 0 (in the diagonal represen tation).
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apply . The whole pro cedure reduces to computing dot pro ducts in F , whic h can b e

done using k , without explicitly mapping in to F :

In rewriting (4.6) for the nonlinear case, w e substitute �nite di�erences, with t > 0,

for deriv ativ es:

C :=

1

`t

2

`

X

j =1

(�( L

t

x

j

) � �( x

j

)) (�( L

t

x

j

) � �( x

j

))

>

: (4.15)

F or the sak e of brevit y , w e ha v e omitted the summands corresp onding to deriv ativ es

in the opp osite direction, whic h ensure that the data set is cen tered. F or the �nal

tangen t co v ariance matrix C , they do not mak e a di�erence, as the t w o negativ e signs

cancel out.

In high-dimensional feature spaces, C cannot b e computed explicitely . In complete

analogy to Chapter 3, w e compute another matrix whose Eigen v alues and Eigen v ectors

will allo w us to extract features corresp onding to Eigen v ectors and Eigen v alues of

C . This is done b y taking dot pro ducts from b oth sides with �( L

t

x

i

) � �( x

i

) (the

Eigen v ectors in F can b e expanded in terms of the latter, b y the same argumen t as

the one leading to (3.10)). De�ning

K

ij

= k ( x

i

; x

j

) ; (4.16)

K

t

ij

= k ( x

i

; L

t

x

j

) + k ( L

t

x

i

; x

j

) ; (4.17)

and

K

tt

ij

= k ( L

t

x

i

; L

t

x

j

) ; (4.18)

w e get

(�( L

t

x

i

) � �( x

i

))

>

C (�( L

t

x

k

) � �( x

k

))

=

1

`t

2

`

X

j =1

( K

tt

ij

� K

t

ij

+ K

ij

)( K

tt

j k

� K

t

j k

+ K

j k

)

=

�

1

`t

2

( K

tt

� K

t

+ K )

2

�

ik

: (4.19)

Using (4.19), and Eigen v ector expansions

V =

`

X

k =1

�

k

(�( L

t

x

k

) � �( x

k

)) ; (4.20)

the Eigen v alue problem that w e need to solv e (cf. (3.9)),

� (�( L

t

x

i

) � �( x

i

))

>

`

X

k =1

�

k

(�( L

t

x

k

) � �( x

k

))

= (�( L

t

x

i

) � �( x

i

))

>

C

`

X

k =1

�

k

(�( L

t

x

k

) � �( x

k

)) ; (4.21)
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then tak es the form

� ( K

tt

� K

t

+ K ) � =

1

`t

2

( K

tt

� K

t

+ K )

2

� : (4.22)

T o �nd solutions of (4.22), w e solv e the Eigen v alue problem (cf. (3.14))

5

� � =

1

`t

2

( K

tt

� K

t

+ K ) � : (4.23)

Normalization of eac h Eigen v ector (4.20) is carried out b y requiring ( V � V ) = 1, whic h,

as in (3.16), translates in to

� ( � � � ) = 1 ; (4.24)

using the corresp onding Eigen v alue � .

F eature extraction for a test p oin t x is done b y computing the pro jection of �( x )

on to Eigen v ectors V ,

V

>

�( x ) =

`

X

k =1

�

k

(�( L

t

x

k

) � �( x

k

))

>

�( x )

=

`

X

k =1

�

k

( k ( L

t

x

k

; x ) � k ( x

k

; x )) : (4.25)

In App endix D.3, w e giv e an alternativ e justi�cation of this pro cedure, whic h

naturally arises from requiring in v ariance in feature space, without the need for a

PCA in terpretation.

4.3 Image Lo calit y and Lo cal F eature Extracto rs

By using a k ernel k ( x ; y ) = ( x � y )

d

, one implicitly constructs a decision b oundary

in the space of all p ossible pro ducts of d pixels. This ma y not b e desirable, since in

natural images, correlations o v er short distances are m uc h more reliable as features

than long-range correlations are. T o tak e this in to accoun t, w e de�ne a k ernel k

d

1

;d

2

p

as follo ws (cf. Fig. 4.3):

1. compute a third image z , de�ned as the pixel-wise pro duct of x and y

2. sample z with p yramidal receptiv e �elds of diameter p , cen tered at all lo cations

( i; j ), to obtain the v alues z

ij

3. raise eac h z

ij

to the p o w er d

1

, to tak e in to accoun t lo cal correlations within the

range of the p yramid

5

If w e expand V in a di�eren t set of v ectors, w e instead arriv e at a problem of sim ultaneous

diagonalization of t w o matrices.
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(...)d1

Sd2

x y

(...)d1

FIGURE 4.3: Kernel utilizing lo cal co rrelations in images. T o compute k ( x ; y ) fo r t w o

images x and y , w e sum over p ro ducts b et w een co rresp onding pixels of the t w o images

in lo calized regions (in the �gure, this is indicated b y dot p ro ducts ( : � : ) ), w eighed b y

p yramidal receptive �elds. T o the outputs, a �rst nonlinea rit y in fo rm of an exp onent d

1

is applied. The resulting numb ers fo r all patches (only t w o a re displa y ed) a re summed,

and the d

2

-th p o w er of the result is tak en as the value k ( x ; y ) . This k ernel co rresp onds

to a dot p ro duct in a p olynomial space which is spanned mainly b y lo calized co rrelations

b et w een pixels (see Sec. 4.3).

4. sum z

d

1

ij

o v er the whole image, and raise the result to the p o w er d

2

to allo w for

longe-range correlations of order d

2

The resulting k ernel will b e of order d

1

� d

2

, ho w ev er, it will not con tain al l p ossible

correlations of d

1

� d

2

pixels.

4.4 Exp erimental Results

4.4.1 Virtual Supp o rt V ecto rs

USPS Digit Recognition. The �rst set of exp erimen ts w as conducted on the USPS

database of handwritten digits (App endix C). This database has b een used extensiv ely

in the literature, with a LeNet1 Con v olutional Net w ork ac hieving a test error rate of

5.0% (LeCun et al., 1989). As in Sec. 2.3, w e used 
 = 10.

Virtual Supp ort V ectors w ere generated for the set of all di�eren t Supp ort V ectors

of the ten classi�ers. Alternativ ely , one can carry out the pro cedure separately for

the ten binary classi�ers, th us dealing with smaller training sets during the training of

the second mac hine. T able 4.1 sho ws that incorp orating only translational in v ariance
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already impro v es p erformance signi�can tly , from 4.0% to 3.2% error rate. F or other

t yp es of in v ariances (Fig. 4.4), w e also found impro v emen ts, alb eit smaller ones: gen-

erating Virtual Supp ort V ectors b y rotation or b y the line thic kness transformation

of Druc k er, Sc hapire, and Simard (1993), w e constructed p olynomial classi�ers with

3.7% error rate (in b oth cases).

Note, moreo v er, that generating Virtual examples from the full database rather

than just from the SV sets did not impro v e the accuracy , nor did it enlarge the SV set of

the �nal classi�er substan tially . This �nding w as repro duced for the Virtual SV system

men tioned in Sec. 2.5.3: in that case, similar to T able 4.1, generating Virtual examples

from the full database led to iden tical p erformance, and only sligh tly increased SV set

size (861 instead of 806). F rom this, w e conclude that for the considered recognition

task, it is su�cien t to generate Virtual examples only from the SVs | Virtual examples

generated from the other patterns do not add m uc h useful information.

MNIST Digit Recognition. The larger a database, the more information ab out

in v ariances of the decision function is already con tained in the di�erences b et w een

patterns of the same class. T o sho w that it is nev ertheless p ossible to impro v e classi�-

T ABLE 4.2: Application of the Virtual SV metho d to the MNIST database. Virtual SVs

w ere generated b y translating the o riginal SVs in all four p rincipal directions (b y 1 pixel).

Results a re given fo r the o riginal SV machine, and t w o VSV systems utilizing di�erent

k ernel degrees; in all cases, w e used 
 = 10 (cf. (2.19)). SV : degree 5 p olynomial SV

classi�er; VSV1 : VSV machine with degree 5 p olynomial k ernel; VSV2 : same with degree

9 k ernel. The �rst table gives the p erfo rmance: fo r the ten bina ry recognizers, as numb ers

of erro rs; fo r multi class-classi�cation (T1 ), in terms of erro r rates (in %), b oth on the

60000 element test set. The second multi-class erro r rate (T2 ) w as computed b y testing

only on a 10000 element subset of the full 60000 element test set. These results a re given

fo r reference purp ose, they a re the ones usually rep o rted in MNIST p erfo rmance studies.

The second table gives numb ers of SVs fo r all ten bina ry digit recognizers.

Errors

binary recognizers 10-class

system 0 1 2 3 4 5 6 7 8 9 T1 T2

SV 131 97 243 240 212 241 195 259 343 409 1.6 1.4

VSV1 95 84 186 176 173 171 127 217 233 289 1.1 1.0

VSV2 81 66 164 146 141 147 119 179 196 254 1.0 0.8

Supp ort V ectors

system 0 1 2 3 4 5 6 7 8 9

SV 1206 757 2183 2506 1784 2255 1347 1712 3053 2720

VSV1 2938 1887 5015 4764 3983 5235 3328 3968 6978 6348

VSV2 3941 2136 6598 7380 5127 6466 4128 5014 8701 7720
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cation accuracies with our tec hnique, w e applied the metho d to the MNIST database

(App endix C) of 60000 handwritten digits. This database has b ecome the standard

for p erformance comparisons at A T&T Bell Labs; the error rate record of 0.7% is held

b y a b o osted LeNet4 (Bottou et al., 1994; LeCun et al., 1995), i.e. b y an ensem ble

of learning mac hines. The b est single mac hine in the p erformance comparisons so far

w as a LeNet5 con v olutional neural net w ork (0.9%); other high p erformance systems

include T angen t Distance nearest neigh b our classi�ers (1.1%), and LeNet4 with a last

la y er using metho ds of lo cal learning (1.1%, cf. Bottou and V apnik, 1992).

Using Virtual Supp ort V ectors generated b y 1-pixel translations, w e impro v ed a

degree 5 p olynomial SV classi�er from 1.4% to 1.0% error rate on the 10000 elemen t

test set (T able 4.2). In this case, w e applied our tec hnique separately for all ten Supp ort

V ector sets of the binary classi�ers (rather than for their union) in order to a v oid

ha ving to deal with large training sets in the retraining stage. Note, moreo v er, that

for the MNIST database, w e did not compare results of the VSV tec hnique to those for

generating Virtual examples from the whole database: the latter is computationally

exceedingly exp ensiv e, as it en tails training on a v ery large training set. W e did,

ho w ev er, mak e a comparison for the smal l MNIST database (App endix C). There, a

degree 5 p olynomial classi�er w as impro v ed from 3 : 8% to 2 : 5% error b y the Virtual SV

metho d, with an increase of the a v erage SV set sizes from 324 to 823. By generating

Virtual examples from the full training set, and retraining on these, w e obtained a

system whic h had sligh tly more SVs (939), but an unc hanged error rate.

After retraining, the n um b er of SVs more than doubled (T able 4.2). Th us, although

the training sets for the second set of binary classi�ers w ere substan tially smaller than

the original database (for four Virtual SVs p er SV, four times the size of the original

SV sets, in our case amoun ting to around 10

4

), w e concluded that the amoun t of

data in the region of in terest, close to the decision b oundary , had more than doubled.

Therefore, w e reasoned that it should b e p ossible to use a more complex decision

function in the second stage (note that the risk b ound (1.5) dep ends on the r atio of

V C-dimension and training set size). Indeed, using a degree 9 p olynomial led to an

error rate of 0.8%, v ery close to the record p erformance of 0.7%.

Another in teresting p erformance measure is the rejection error rate, de�ned as the

p ercen tage of patterns that w ould ha v e to b e rejected to attain a sp eci�ed error rate (in

the b enc hmark studies of Bottou et al. (1994) and LeCun et al. (1995), 0.5%). Note

that this p ercen tage is computed on the test set. In our case, using the con�dence

measure of Sec. 2.1.6, it w as measured to b e 0.9%, realizing a large impro v emen t

compared to the original SV system (2.4%). In the ab o v e b enc hmark studies, only the

b o osted LeNet4 ensem ble p erformed b etter (0.5%).

F urther impro v emen ts can p ossibly b e ac hiev ed b y com bining di�eren t t yp es of

in v ariances. Another in triguing extension of the sc heme w ould b e to use tec hniques

based on image corresp ondence (e.g. V etter and P oggio, 1997) to extr act in v ariance

transformations from the training set. Those transformations can then b e used to

generate Virtual Supp ort V ectors.

6

6

T ogether with Thomas V etter, w e ha v e recen tly started w orking on this approac h.
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FIGURE 4.5: Virtual SVs in gender classi�cation. A: 2-D image of a 3-D head mo del (from

the MPI head database (T roje and B • ultho�, 1996; V etter and T roje, 1997)); B: 2D image

of the rotated 3D head; C: a rti�cial image, generated from A using the assumption that it

b elongs to a cylinder-shap ed 3D object (rotation b y the same angle as B).

A B C

T ABLE 4.3: Numb ers of test erro rs fo r gender classi�cation in novel p ose, using Virtual

SVs (qualitatively simila r to Fig. 4.5). The training set contained 100 views of male and

female heads (divided 49:51), tak en at an azimuth of 24

�

, do wnsampled to 32 � 32 . The

test set contained 100 frontal views of the same heads. W e used p olynomial SV classi�ers

of di�erent degrees, generating one virtual SV p er o riginal SV. Clea rly , training and test

views a re di�erently distributed, ho w ever, the amount of rotation ( 24

�

) w as kno wn to the

classi�er in the sense that it w as used fo r generating the Virtual SVs (Fig. 4.5): �rst, a

simpli�ed head mo del w as inferred b y averaging over in-depth revolutions of all the 2D

views. VSVs w ere generated b y p rojecting the o riginal SVs onto the head mo del, then

rotating the head to the frontal view, and computing the new 2-D view.

degree

prior kno wledge 1 2 3 4 5

no virtual SVs 25 24 23 21 19

virtual SVs from 3D mo del 11 10 10 9 10

F ace Classi�cation. Certain t yp es of transformations, as the ab o v e used translations

and rotations, apply equally w ell to ob ject recognition as they do to c haracter recog-

nition. There are, ho w ev er, t yp es of transformations whic h are sp eci�c to the class of

images considered (cf. Sec. 1.1). F or instance, line thic kness transformations (Fig. 4.4)

are sp eci�c to c haracter recognition. T o pro vide an example of Virtual SVs whic h are

sp eci�c to ob ject recognition, w e generated virtual SVs corresp onding to ob ject rota-

tions in depth, b y making assumptions ab out the 3D shap e of ob jects. Clearly , suc h an

approac h w ould ha v e a hard time if applied to complex ob jects as c hairs (App endix A).

F or h uman heads, ho w ev er, it is p ossible to form ulate 2-D image transformations whic h

can b e applied to generate appr oximate no v el views of heads (Fig. 4.5). Using these

views impro v ed accuracies in a small gender classi�cation exp erimen t. T able 4.3 giv es

details and results of the exp erimen t.
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T ABLE 4.4: T est erro r rates fo r t w o object recognition databases, fo r views of resolution

16 � 16 , using di�erent t yp es of app ro ximate inva riance transfo rmations to generate Virtual

SVs, and p olynomial k ernels of degree 20 (cf. T able 2.1). The second training run in the

Virtual SV systems w as done on the o riginal SVs and the generated Virtual SVs. The

training sets with 25 and 89 views p er object a re regula rly spaced; fo r them, mirro ring do es

not p rovide additional info rmation. The interesting case is the one where w e trained on the

100-view-p er-object sets. Here, a combination of virtual SVs from mirro ring and rotation

substantially imp roves accuracies on b oth databases.

database: animal en try lev el

training set: views p er ob ject

Virtual SVs 25 89 100 25 89 100

none (orig. system) 13.0 1.7 4.8 13.0 1.8 2.4

mirroring 13.6 1.8 4.8 14.2 2.8 3.2

translations 16.4 1.6 4.3 17.1 11.1 4.8

rotations 9.0 0.7 3.0 10.3 1.8 2.5

rotations & mirroring 9.0 0.7 1.7 9.6 0.9 1.7

Discrete Symmetries in Object Recognition. As men tioned ab o v e, rigid transfor-

mations of 3-D ob jects, ho w ev er, do not in general corresp ond to simple transfor-

mations of the pro duced 2-D images (cf. Sec. 4.4.1). F or the MPI ob ject databases

(App endix A), ho w ev er, there exists a t yp e of in v ariance transformation whic h can

easily b e computed from the images: as all the ob jects used are (appro ximately) bilat-

erally symmetric, w e can easily pro duce another v alid view of the same ob ject, with

a di�eren t viewing angle, b y p erforming a mirror op eration with resp ect to a v ertical

axis in the cen ter of the images, sa y (V etter, P oggio, and B • ultho�, 1994). If the ob-

jects w ere exactly symmetric, w e w ould not exp ect an y additional information to b e

gained in the case of the regularly spaced ob ject sets (25 and 89 views p er ob ject),

as in these the snapshots are already sampled symmetrically around the zero view

direction, whic h in most cases coincided with the symmetry plane. The sligh t de cr e ase

in p erformance in that case (T able 4.4) indicates that for some ob jects, the symmetry

only holds appro ximately (for snapshots, see App endix A).

T o get more robust, w e tried com bining this t yp e of in v ariance transformation

with other t yp es. As in the case of c haracter recognition, w e simply used translations

(b y 1 pixel in all four directions) and image-plane rotations (b y 10 degrees in b oth

directions). Ev en though these transformation are but v ery crude appro ximations of

transformations whic h o ccur when a 3-D ob ject is rotated in space, they did in some

cases yield signi�can t p erformance impro v emen ts.

7

7

The follo wing ma y serv e as a partial explanation wh y rotations w ere more useful than translations.

First, di�eren t snapshots at large elev ations can b e transformed in to eac h other b y an appro ximate

image plane rotation, and second, image plane rotations retain the cen tering whic h w as applied to
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T o examine the e�ect of the mirror symmetry Virtual SVs, w e need to fo cus on the

non-regularly spaced training set with 100 views p er ob ject. There, b y far the b est

p erformance for b oth the en try lev el and the animal database w as obtained b y using

b oth mirroring and rotations (T able 4.4).

T ABLE 4.5: Sp eed imp rovement using the Reduced Set metho d. The second through

fourth columns give numb ers of erro rs on the 10000 element MNIST test set fo r the

o riginal system, the Virtual Supp o rt V ecto r system, and the reduced set system (fo r the

10-class classi�ers, the erro r is given in %). The last three columns give, fo r each system,

the numb er of vecto rs whose dot p ro duct must b e computed in the test phase.

Digit SV err VSV1 err RS err SV # VSV1 # RS #

0 17 15 18 1206 2938 59

1 15 13 12 757 1887 38

2 34 23 30 2183 5015 100

3 32 21 27 2506 4764 95

4 30 30 35 1784 3983 80

5 29 23 27 2255 5235 105

6 30 18 24 1347 3328 67

7 43 39 57 1712 3968 79

8 47 35 40 3053 6978 140

9 56 40 40 2720 6348 127

10-class 1.4% 1.0% 1.1%

Virtual SV Combined with Reduced Set. Apart from the increase in o v erall training

time (b y a factor of t w o, in our exp erimen ts), the VSV tec hnique has the c omputational

disadv an tage that man y of the Virtual Supp ort V ectors b ecome Supp ort V ectors for

the second mac hine, increasing the cost of ev aluating the decision function (2.25).

Ho w ev er, the latter problem can b e solv ed with the Reduced Set (RS) metho d (Burges,

1996, see App endix D.1.1), whic h reduces the complexit y of the decision function

represen tation b y appro ximating it in terms of few er v ectors. In a study com bining

the VSV and RS metho ds, w e ac hiev ed a factor of �ft y sp eedup in test phase o v er the

Virtual Supp ort V ector mac hine, with only a small decrease in p erformance (Burges

and Sc h• olk opf, 1997). W e next brie
y rep ort the results of this study . The RS results

rep orted w ere obtained b y Chris Burges.

As a starting p oin t for the RS computation, w e used the VSV1 mac hine (T a-

ble 4.2), whic h ac hiev ed 1.0% error rate on the 10000 elemen t MNIST test set.

8

The

the original images. Both p oin ts suggest that virtual examples generated b y rotations should b e more

\realistic" than those generated b y translations.

8

A t the time when the describ ed study w as carried out, VSV1 w as our b est system; VSV2 w as

not a v ailable y et.
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impro v emen t in accuracy compared to the SV mac hine (T able 4.2) comes at a cost in

classi�cation sp eed of appro ximately a factor of 2. F urthermore, the sp eed of SV w as

comparativ ely slo w to start with (cf. LeCun et al., 1995), requiring appro ximately 14

million m ultiply adds for one classi�cation. In order to b ecome comp etitiv e with sys-

tems with comparable accuracy (LeCun et al., 1995), w e need appro ximately a factor

of �ft y impro v emen t in sp eed. W e therefore appro ximated VSV1 with a reduced set

system RS with a factor of �ft y few er v ectors than the n um b er of Supp ort V ectors in

VSV1 .

T able 4.5 compares results on the 10000 elemen t test set for the three systems.

Ov erall, the SV mac hine p erformance of 1.4% error is impro v ed to 1.1%, with a ma-

c hine requiring a factor of 22 few er m ultiply adds ( RS ). F or details on the computation

of the RS solution, see (Burges and Sc h• olk opf, 1997).

4.4.2 Inva riant Hyp erplane Metho d

In the exp erimen ts exploring the in v arian t h yp erplane metho d (Sec. 4.2.2), w e used the

small MNIST database (App endix C). W e start b y giving some baseline classi�cation

results.

Using a standard linear SV mac hine (i.e. a separating h yp erplane, Sec. 2.1.3), w e

obtain a test error rate of 9 : 8%; b y using a p olynomial k ernel of degree 4, this drops

to 4 : 0%. In all of the follo wing exp erimen ts, w e use degree 4 k ernels of v arious t yp es.

The n um b er 4 w as c hosen as it can b e written as a pro duct of t w o in tegers, th us w e

could compare results to a k ernel k

d

1

;d

2

p

with d

1

= d

2

= 2 (cf. sections 4.3 and 4.4.3).

F or the considered classi�cation task, results for higher p olynomial degrees are v ery

similar.

In a series of exp erimen ts with a homogeneous p olynomial k ernel k ( x ; y ) = ( x � y )

4

,

using prepro cessing with Gaussian smo othing k ernels of standard deviation in the

range 0 : 1 ; 0 : 2 ; : : : ; 1 : 0, w e obtained error rates whic h gradually increased from 4 : 0%

to 4 : 3%. W e concluded that no impro v emen t of the original 4 : 0% p erformance w as

p ossible b y a simple smo othing op eration.

Inva riant Hyp erplanes Results. T able 4.6 rep orts results obtained b y prepro cessing

all patterns with B (cf. (4.9)), c ho osing di�eren t v alues of � (cf. Eq. (4.10)). In the

T ABLE 4.6: Classi�cation erro r rates fo r mo difying the k ernel k ( x ; y ) = ( x � y )

4

with the

inva riant hyp erplane p rep ro cessing matrix B

�

= C

�

1

2

�

; cf. Eqs. (4.9) { (4.10). Enfo rcing

inva riance with � = 0 : 2 ; 0 : 3 ; : : : ; 0 : 9 leads to imp rovements over the o riginal p erfo rmance

( � = 1 ).

� 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

error rate in % 4.2 3.8 3.6 3.6 3.7 3.8 3.8 3.9 3.9 4.0
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FIGURE 4.6: The �rst pattern in the small MNIST database, p rep ro cessed with B

�

=

C

�

1

2

�

(cf. equations (4.9) { (4.10)), enfo rcing va rious amounts of inva riance. T op ro w :

� = 0 : 1 ; 0 : 2 ; 0 : 3 ; 0 : 4 ; b ottom ro w : � = 0 : 5 ; 0 : 6 ; 0 : 7 ; 0 : 8 . F o r some values of 
 , the

p rep ro cessing resembles a smo othing op eration, ho w ever, it leads to higher classi�cation

accuracies (see Sec. 4.4.2) than the latter.

exp erimen ts, the patterns w ere �rst rescaled to ha v e en tries in [0 ; 1], then B w as

computed, using horizon tal and v ertical translations, and prepro cessing w as carried

out; �nally , the resulting patterns w ere scaled bac k again (for snapshots of the resulting

patterns, see Fig. 4.6). The scaling w as done to ensure that patterns and deriv ativ es

lie in comparable regions of R

N

(note that if the pattern bac kground lev el is a constan t

� 1, then its deriv ativ e is 0). The results sho w that ev en though (4.6) w as deriv ed for

the linear case, it leads to impro v emen ts in the nonlinear case (here, for a degree 4

p olynomial).

Dimensionalit y Reduction. The ab o v e [0 ; 1] scaling op eration is a�ne rather than

linear, hence the argumen t leading to (4.14) do es not hold for this case. W e th us only

rep ort results on dimensionalit y reduction for the case where the data is k ept in [0 ; 1]

scaling during the whole pro cedure. Dropping principal comp onen ts whic h are less

imp ortan t leads to substan tial impro v emen ts (T able 4.7); cf. the explanation follo wing

(4.14)).

The results in T able 4.7 are somewhat distorted b y the fact that the p olynomial

k ernel is not translation in v arian t, and p erforms p o orly when none of the principal

T ABLE 4.7: Dropping directions co rresp onding to small Eigenvalues of C , i.e. dropping

less imp o rtant p rincipal comp onents (cf. (4.14)), leads to substantial imp rovements. All

results given a re fo r the case � = 0 : 4 (cf. T able 4.6); degree 4 homogeneous p olynomial

k ernel.

PCs discarded 0 50 100 150 200 250 300 350

error rate in % 8.7 5.4 4.9 4.4 4.2 3.9 3.7 3.9
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comp onen ts are discarded. Hence this result should not b e compared to the p erfor-

mance of the p olynomial k ernel on the data in [ � 1 ; 1] scaling. (Recall that w e obtained

3.6% in that case, for � = 0 : 4.) In practice, of course, w e ma y c ho ose the scaling of the

data as w e lik e, in whic h case it w ould seem p oin tless to use a metho d whic h is only

applicable for a rather disadv an tageous represen tation of the data. Ho w ev er, nothing

prev en ts us from using a translation in v arian t k ernel. W e opted for a radial basis func-

tion k ernel (2.27) with c = 0 : 5. On the [ � 1 ; 1] data, for � = 0 : 4, this leads to the same

p erformance as the degree 4 p olynomial, 3.6% (without in v ariance prepro cessing, i.e.

for � = 1, the p erformance is 3.9%). T o get the iden tical system on [0 ; 1] data, the

RBF width w as rescaled accordingly , to c = 0 : 125. T able 4.8 sho ws that discarding

principal comp onen ts can further impro v e p erformance, up to 3.3%.

T ABLE 4.8: Dropping directions co rresp onding to small Eigenvalues of C , i.e. dropping

less imp o rtant p rincipal comp onents (cf. (4.14)), fo r the translation inva riant RBF k ernel

(see text). All results given a re fo r the case � = 0 : 4 (cf. T able 4.6).

PCs discarded 0 50 100 150 200 250 300 350

error rate in % 3.6 3.6 3.6 3.5 3.5 3.4 3.3 3.6

4.4.3 Kernels Using Lo cal Co rrelations

Cha racter Recognition. As in Sec. 4.4.2, the presen t results w ere obtained on the

small MNIST database (App endix C). As a reference result, w e use the degree 4

p olynomial SV mac hine, p erforming at 4 : 0% error (Sec. 4.4.2). T o exploit lo calit y in

images, w e used p yramidal receptiv e �eld k ernel k

d

1

;d

2

p

with diameter p = 9 (cf. Sec. 4.3)

and d

1

� d

2

= 4, i.e. degree 4 p olynomials k ernels whic h do not use al l pro ducts of 4

pixels (Sec. 4.2.2). F or d

1

= d

2

= 2, w e obtained an impro v ed error rate of 3 : 1%,

another degree 4 k ernel with only lo cal correlations ( d

1

= 4 ; d

2

= 1) led to 3 : 4%

(T able 4.9).

Alb eit b etter than the 4 : 0% for the degree 4 homogeneous p olynomial, this is

still w orse than the Virtual SV result: generating Virtual SVs b y image translations,

the latter led to 2 : 8%. As the t w o metho ds, ho w ev er, exploit di�eren t t yp es of prior

kno wledge, it could b e exp ected that com bining them leads to still b etter p erformance;

and indeed, this yielded the b est p erformance of all (2 : 0%), halving the error rate of

the original system.

F or the purp ose of b enc hmarking, w e also ran our system on the USPS database.

In that case, w e obtained the follo wing test error rates: SV with degree 4 p olynomial

k ernel 4 : 2% (T able 2.4), Virtual SV (same k ernel) 3 : 5%, SV with k

2 ; 2

7

3.6% (for the

smaller USPS images, w e used a k

7

k ernel rather than k

9

), Virtual SV with k

2 ; 2

7

3 : 0%.

The latter compares fa v ourably to almost all kno wn results on that database, and is

second only to a memory-based tangen t-distance nearest neigh b our classi�er at 2 : 6%

(Simard, LeCun, and Denk er, 1993).
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T ABLE 4.9: Summa ry: erro r rates fo r va rious metho ds of inco rp o rating p rio r kno wledge,

on the small MNIST database (App endix C). In all cases, degree 4 p olynomial k ernels w ere

used, either of the lo cal t yp e (Sec. 4.3), o r (b y default) of the complete p olynomial t yp e

(2.26). In all cases, w e used 
 = 10 (cf. (2.19)).

Classi�er T est Error / %

SV 4.0

Virtual SV (Sec. 4.2.1), with translations 2.8

In v arian t h yp erplane (Sec. 4.2.2), � = 0 : 4 3.6

same, on �rst 100 principal comp onen ts (T able 4.7) 3.7

semi-lo cal k ernel k

2 ; 2

9

(Sec. 4.4.3) 3.1

purely lo cal k ernel k

4 ; 1

9

(Sec. 4.4.3) 3.4

Virtual SV with k

2 ; 2

9

2.0

Object Recognition. The ab o v e results ha v e b een con�rmed on the t w o ob ject re-

cognition databases used in Sec. 2.2.1 (cf. App endix A). As in the case of the small

MNIST database, w e used k

d

1

;d

2

9

. In the presen t case, w e c hose d

1

= d

2

= 3, whic h

yields a degree 9 (= 3 � 3) p olynomial classi�er whic h di�ers from a standard p oly-

nomial (2.26) in that it do es not utilize all pro ducts of 9 pixels, but mainly lo cal

ones. Comparing the results to those obtained with standard p olynomials of equal de-

gree sho ws that this pre-selection of useful features signi�can tly impro v es recognition

results (T able 4.10).

As in the case of digit recognition, w e com bined this metho d with the Virtual SV

metho d (Sec. 4.2.1). Based on the fact that prior kno wledge ab out image lo calit y

is di�eren t from prior kno wledge on in v ariances, w e exp ected the p ossibilit y to get

further impro v emen ts. W e used the same t yp es of Virtual SVs as in Sec. 4.4.1. The

results (T able 4.11) further impro v e up on T able 4.10, con�rming the digit recognition

�ndings rep orted ab o v e. In 4 of 6 cases, the resulting classi�ers are b etter than those

of T able 4.4.

9

4.5 Discussion

F or Supp ort V ector learning mac hines, in v ariances can readily b e incorp orated b y gen-

erating virtual examples from the Supp ort V ectors, rather than from the whole training

set. The metho d yields a signi�can t gain in classi�cation accuracy at a mo derate cost

in time: it requires t w o training runs (rather than one), and it constructs classi�cation

rules utilizing more Supp ort V ectors, th us slo wing do wn classi�cation sp eed (cf. (2.25))

| in our case, b oth p oin ts amoun ted to a factor of ab out 2. Giv en that Supp ort V ector

9

Note that in T able 4.4, the VSV metho d w as used for degree 20 k ernels, whic h on the ob ject

recognition tasks do es far b etter than degree 9, cf. T able 2.1.
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T ABLE 4.10: T est erro r rates fo r t w o object recognition tasks, compa ring k ernels lo cal in

the image to complete p olynomial k ernels. Lo cal k ernels of degree 9 outp erfo rm complete

p olynomial k ernels of co rresp onding degree. Mo reover, they p erfo rmed at least as w ell as

the b est p olynomial classi�er out of all degrees in f 1 ; 3 ; 6 ; 9 ; 12 ; 15 ; 20 ; 25 g (cf. T able 2.1).

k ernel: degree 9 p olyn. b est p olynomial k

3 ; 3

9

(cf. Sec. 4.3)

en try lev el:

25 grey scale 13.9 13.0 12.0

89 grey scale 2.0 1.8 1.8

100 grey scale 3.5 2.4 2.0

25 silhouettes 16.7 15.4 15.0

89 silhouettes 2.7 2.2 2.1

100 silhouettes 4.8 4.0 3.9

animals:

25 grey scale 14.8 13.0 12.0

89 grey scale 2.5 1.7 1.6

100 grey scale 5.2 4.4 4.0

25 silhouettes 17.0 15.6 15.2

89 silhouettes 2.8 2.2 2.0

100 silhouettes 6.3 5.2 4.9

T ABLE 4.11: T est erro r rates fo r t w o object recognition databases, using di�erent t yp es of

app ro ximate inva riance transfo rmations to generate Virtual SVs (as in T able 4.4), and lo cal

p olynomial k ernels k

3 ; 3

9

of degree 9 (cf. Sec. 4.3, T able 4.10, T able 4.4, and T able 2.1).

The second training run in the Virtual SV systems w as done on the o riginal SVs and the

generated Virtual SVs. The training sets with 25 and 89 views p er object a re regula rly

spaced; fo r them, mirro ring do es not p rovide additional info rmation. F o r the non-regula rly

spaced 100-view-p er-object sets, a combination of virtual SVs from mirro ring and rotation

substantially imp roves accuracies on b oth databases.

database: animal en try lev el

training set: views p er ob ject

Virtual SVs 25 89 100 25 89 100

none (orig. system) 12.0 1.6 4.0 12.0 1.8 2.0

mirroring 12.5 1.7 4.6 13.1 2.9 3.3

rotations & mirroring 8.8 1.0 1.4 8.5 1.2 1.6
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mac hines are kno wn to allo w for short training times (Bottou et al., 1994), the �rst

p oin t is usually not critical. Certainly , training on virtual examples generated from

the whole database w ould b e signi�can tly slo w er. T o comp ensate for the second p oin t,

w e used the reduced set metho d of Burges (1996) for increasing sp eed. This w a y , w e

obtained a system whic h w as b oth fast and accurate.

As an alternativ e approac h, w e ha v e built in kno wn in v ariances directly in to the

SVM ob jectiv e function via the c hoice of a k ernel. With its rather general class of

admissible k ernel functions, the SV algorithm pro vides ample p ossibilities for con-

structing task-sp eci�c k ernels. W e ha v e considered t w o forms of domain kno wledge:

�rst, pattern classes w ere required to b e lo cally translationally in v arian t, and second,

lo cal correlations in the images w ere assumed to b e more reliable than long-range corre-

lations. The second requiremen t can b e seen as a more general form of prior kno wledge

| it can b e though t of as arising partially from the fact that patterns p ossess a whole

v ariet y of transformations; in ob ject recognition, for instance, w e ha v e ob ject rotations

and deformations. Mostly , these transformations are con tin uous, whic h implies that

lo cal relationships in an image are fairly stable, whereas global relationships are less

reliable.

Both t yp es of domain kno wledge led to impro v emen ts on the considered pattern

recognition tasks.

The metho d for constructing k ernels for tr ansformation invariant SV mac hines

(in v arian t h yp erplanes), put forw ard to deal with the �rst t yp e of domain kno wledge,

so far has only b een applied in the linear case, whic h probably explains wh y it only led

to mo derate impro v emen ts, esp ecially when compared with the large gains ac hiev ed

b y the Virtual SV metho d. It is applicable for di�eren tiable transformations | other

t yp es, e.g. for mirror symmetry , ha v e to b e dealt with using other tec hniques, as the

Virtual Supp ort V ector metho d. Its main adv an tages compared to the latter tec hnique

is that it do es not slo w do wn testing sp eed, and that using more in v ariances lea v es

training time almost unc hanged. In addition, it is more attractiv e from a theoretical

p oin t of view, establishing a surprising connection to in v arian t feature extraction,

prepro cessing, and principal comp onen t analysis.

The prop osed k ernels resp ecting lo c ality in images, on the other hand, led to large

impro v emen ts; they are applicable not only in image classi�cation but to all cases where

the relativ e imp ortance of subsets of pro ducts features can b e sp eci�ed appropriately .

They do, ho w ev er, slo w do wn b oth training and testing b y a constan t factor whic h

dep ends on the cost of ev aluating the sp eci�c k ernel used.

Clearly , SV mac hines ha v e not y et b een dev elop ed to their full p oten tial, whic h

could explain the fact that our highest accuracies are still sligh tly w orse that the

record on the MNIST database. Ho w ev er, SVMs presen t clear opp ortunities for further

impro v emen t. More in v ariances (for example, for the pattern recognition case, small

rotations, or v arying ink thic kness) could b e incorp orated, p ossibly com bined with

tec hniques for dealing with optimization problems in v olving v ery large n um b ers of

SVs (Osuna, F reund, and Girosi, 1997). F urther, one migh t use only those Virtual

Supp ort V ectors whic h pro vide new information ab out the decision b oundary , or use a
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measure of suc h information to k eep only the most imp ortan t v ectors. Finally , if lo cal

k ernels (Sec. 4.3) will pro v e to b e as useful on the full MNIST database as they w ere

on the small v ersion of it, accuracies could b e substan tially increased | at a cost in

classi�cation sp eed, though.

W e conclude this c hapter b y noting that all three describ ed tec hniques should b e

directly applicable to other k ernel-based metho ds as SV regression (V apnik, 1995b) and

k ernel PCA (Chapter 3). F uture w ork will include the nonlinear T angen t Co v ariance

Matrix (cf. our considerations in Sec. 4.2.2), the incorp oration of in v ariances other

than translation, and the construction of k ernels incorp orating lo cal feature extractors

(e.g. edge detectors) di�eren t from the p yramids describ ed in Sec. 4.3.
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Chapter 5

Conclusion

W e b eliev e that Supp ort V ector mac hines and Kernel Principal Comp onen t Analysis

are only the �rst examples of a series of p oten tial applications of Mercer-k ernel-based

metho ds in learning theory . A ny algorithm whic h can b e form ulated solely in terms

of dot pro ducts can b e made nonlinear b y carrying it out in feature spaces induced b y

Mercer k ernels. Ho w ev er, already the ab o v e t w o �elds are large enough to render an

exhaustiv e discussion in this thesis infeasible. Th us, w e ha v e tried to fo cus on some

asp ects of SV learning and Kernel PCA, hoping that w e ha v e succeeded in illustrating

ho w nonlinear feature spaces can b ene�cially b e used in complex learning tasks.

On the Supp ort V ector side, w e presen ted t w o c hapters. Apart from a tutorial

in tro duction to the theory of SV learning, the �rst one fo cused on empirical results

related to the accuracy and the Supp ort v ector sets of di�eren t SV classi�ers. Con-

sidering three w ell-kno wn classi�er t yp es whic h are included in the SV approac h as

sp ecial cases, w e sho w ed that they lead to similarly high accuracies and construct

their decision surface from almost the same Supp ort V ectors. Our �rst question raised

in the Preface w as which of the observations should b e use d to c onstruct the de cision

b oundary? Against the bac kdrop of our empirical �ndings, w e can no w tak e the p o-

sition that the Supp ort V ectors, if constructed in an appropriate nonlinear feature

space, constitute suc h a subset of observ ations. The second SV c hapter fo cused on

algorithms and empirical results for the incorp oration of prior kno wledge in SV ma-

c hines. W e sho w ed that this can b e done b oth b y mo difying k ernels and b y generating

Virtual examples from the set of Supp ort V ectors. In view of the high p erformances

obtained, w e can reinforce and generalize the ab o v e answ er, to include also Virtual

Supp ort V ectors, and sp ecialize it, sa ying that the appropriate feature space should b e

constructed using prior kno wledge of the task at hand. Our b est p erforming systems

used b oth metho ds sim ultaneously , Virtual Supp ort V ectors and k ernels incorp orating

prior kno wledge ab out the lo cal structure of images.

On Kernel Principal Comp onen t Analysis , w e presen ted one c hapter, de-

scribing the algorithm and giving �rst exp erimen tal results on feature extraction for

pattern recognition. W e sa w that features extracted in nonlinear feature spaces led to

recognition p erformances m uc h higher than those extracted in input space (i.e. with

traditional PCA). This lends itself to an answ er of the second question raised in the
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Preface, which fe atur es should b e extr acte d fr om e ach observation? F rom our presen t

p oin t of view, these should b e nonlinear Kernel PCA features. As Kernel PCA op-

erates in the same t yp es of feature spaces as Supp ort V ector mac hines, the c hoice of

the k ernel, and the design of k ernels to incorp orate prior kno wledge, should also b e of

imp ortance here. As the Kernel PCA metho d is v ery recen t, ho w ev er, these questions

ha v e not b een thoroughly in v estigated y et. W e hop e that giv en a few y ears time, w e

will b e in a p osition to sp ecialize our answ er to the second question exactly as it w as

done for the �rst one.

W e conclude with an outlo ok, revisiting the question of visual pro cessing in biolog-

ical systems. If the Supp ort V ector set should pro v e to b e a c haracteristic of the data

largely indep enden t of the t yp e of learning mac hine used (whic h w e ha v e sho wn for

three t yp es of learning mac hines), one w ould hop e that it could also b e of relev ance

in biological learning. If a subset of observ ations c haracterizes a task rather than a

particular algorithm's fa v ourite examples, there is reason to hop e that ev ery system

trying to solv e this task | in particular animals | should mak e use of this subset

in one w a y or another. Regarding Kernel PCA, it w ould b e in teresting to study the

t yp es of feature extractors that Kernel PCA constructs when p erformed on collections

of images resem bling those that animals are naturally exp osed to. Comparing those

with the ones found in neuroph ysiological studies could p oten tially assist us in try-

ing to understand natural visual systems. If applied on the same data, and similar

tasks, optimal mac hine learning algorithms could b e as fruitful to biological thinking

as biological solutions can b e to engineering.

Supp ort V e ctor L e arning!



App endix A

Object Databases

In this section, w e brie
y describ e three ob ject recognition databases (c hairs, en try

lev el ob jects, and animals) generated at the Max-Planc k-Institut f • ur biologisc he Ky-

b ernetik (Liter et al., 1997). W e start b y describing the pro cedure for creating the

databases, and then sho w some images of the resulting patterns.

The training and test data w as generated according to the follo wing pro cedure

(Blanz et al., 1996; Liter et al., 1997):

Database Generation

Snapshot Sampling. 25 di�eren t ob ject mo dels with uniform grey surface w ere ren-

dered in p ersp ectiv e pro jection in fron t of a white bac kground on a Silicon Graphics

w orkstation using In v en tor soft w are. The initial images had a resolution of 256 � 256

pixels. In all viewing directions, the image plane orien tation w as suc h that the v ertical

axis of the ob ject w as pro jected in an uprigh t orien tation. Th us, eac h view of an

ob ject is fully c haracterised b y t w o camera p osition angles, the elev ation � (0

�

at the

horizon, and 90

�

from the top) and the azim uth � 2 [0

�

; 360

�

) (increasing clo c kwise

when view ed from the top). Only views on the upp er half of the viewing sphere w ere

used, i.e. � 2 [0

�

; 90

�

]. The directions of ligh ting and camera w ere c hosen to coincide.

F or eac h database, w e generated di�eren t training sets: t w o of them consisted of 25

and 89 equally spaced views of eac h ob ject, resp ectiv ely; the other one con tained 100

random views p er ob ject (cf. Fig. A.1).

1

Th us, w e obtained training sets of sizes 625,

2225 and 2500, resp ectiv ely . The test set of size 2500 comprised 100 random views of

eac h ob ject, indep enden t from the ab o v e sets.

Centering. The resulting grey lev el pictures w ere cen tered with resp ect to the cen ter

of mass of the binarized image. As the ob jects w ere sho wn on a white bac kground,

the binarized image separates �gure from ground.

Edge Detection. F our one-dimensional di�eren tial op erators (v ertical, horizon tal,

and t w o diagonal ones) w ere applied to the images, follo w ed b y taking the mo dulus.

1

In one case, w e also generated a set with 400 random views p er ob ject.
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Do wnsampling. In all �v e resulting images, the resolution w as reduced to 16 � 16,

leading to �v e images r

0

: : : r

4

. In this represen tation, eac h view requires 5 � 16 � 16 =

1280 pixels.

Con taining edge detection data, the parts r

1

: : : r

4

already pro vide useful features

for recognition algorithms. T o study the abilit y of an algorithm to extract features b y

itself, one can alternativ ely use only the actual image part r

0

of the data, and th us

train on the 256-dimensional do wnsampled images rather than on the 1280-dimensional

inputs. In our exp erimen ts, w e used b oth v arian ts of the databases.

Standa rdization. On the c hair database, the standard deviation of the 16 � 16 images

with pixel v alues in [0 ; 1] w as around 30 (measured on the training sets). W e rescaled

all databases, separately for eac h part r

0

: : : r

4

, suc h that eac h part separately giv es rise

to training sets with standard deviation 30. This hardly a�ects the r

0

part, ho w ev er,

it do es c hange the edge detection parts r

1

; : : : ; r

4

. In the resulting 5 � 256-dimensional

represen tation, the di�eren t parts arising from edge detection, or just do wnsampling,

ha v e comparable scaling.

Pixel Rescaling. Before w e ran the algorithms on the databases, eac h pixel v alue

x w as rescaled according to x 7! 2 x � 1. Th us, the bac kground lev el w as � 1, and

maximal in tensities w ere ab out 1.

Databases

Using the ab o v e pro cedure, three ob ject recognition databases w ere generated.

MPI Chair Database. The �rst ob ject recognition database con tains 25 di�eren t

c hairs (�gures A.2, A.3, A.4). F or b enc hmarking purp oses, the do wnsampled views are

a v ailable via ftp://ftp.mpik-tueb.mpg.de/pub/c hair dataset/. As all 25 ob jects b elong

to the same ob ject category , recognition of c hairs in the database is a sub ordinate lev el

task.

MPI Entry Level Database. The en try lev el databases con tains 25 ob jects (�gures

A.5, A.6, A.7), for whic h psyc hoph ysical evidence suggests that they b elong to di�eren t

en try lev els in ob ject recognition (cf. Sec. 2.2.1).

MPI Animal Database. The animal database con tains 25 di�eren t animals (�gures

A.8, A.9, A.10). Note that some of these animals are also con tained in the en try lev el

database (Fig. A.5).
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Handwritten Cha racter Databases

US P ostal Service Database. The US Postal Servic e (USPS) database (see Fig. C.1)

con tains 9298 handwritten digits (7291 for training, 2007 for testing), collected from

mail en v elop es in Bu�alo (cf. LeCun et al., 1989). Eac h digit is a 16 � 16 image,

represen ted as a 256-dimensional v ector with en tries b et w een � 1 and 1. Prepro cessing

consisted of smo othing with a Gaussian k ernel of width � = 0 : 75.

It is kno wn that the USPS test set is rather di�cult | the h uman error rate is 2.5%

(Bromley and S• ac kinger, 1991). F or a discussion, see (Simard, LeCun, and Denk er,

1993). Note, moreo v er, that some of the results rep orted in the literature for the

USPS set ha v e b een obtained with an enhanced training set: for instance, Druc k er,

Sc hapire, and Simard (1993) used an enlarged training set of size 9709, con taining

some additional mac hine-prin ted digits, and note that this impro v es accuracies. In

our exp erimen ts, only 7291 training examples w ere used.

MNIST Database. The MNIST database (Fig. C.2) con tains 120000 handwritten

digits, equally divided in to training and test set. The database is a mo di�ed v ersion

of NIST Sp e cial Datab ase 3 and NIST T est Data 1 . T raining and test set consist of

patterns generated b y di�eren t writers. The images w ere �rst size normalized to �t

in to a 20 � 20 pixel b o x, and then cen tered in a 28 � 28 image (Bottou et al., 1994).

T est results on the MNIST database whic h are giv en in the literature (e.g. Bottou

et al., 1994; LeCun et al., 1995) for some reason do not use the full MNIST test set

of 60000 c haracters. Instead, a subset of 10000 c haracters is used, consisting of the

test set patterns from 24476 to 34475. T o obtain results whic h can b e compared to

the literature, w e also use this test set, although the larger one is preferable from the

p oin t of view of obtaining more reliable test error estimates.

Small MNIST Database. The USPS database has b een criticised (Burges, LeCun,

priv ate comm unication; Bottou et al. (1994)) as not pro viding the most adequate

classi�er b enc hmark. First, it only comes with a small test set, and second, the test set

con tains a n um b er of corrupted patterns whic h not ev en h umans can classify correctly .

The MNIST database, whic h is the curren tly used classi�er b enc hmark in the A T&T

and Bell Labs learning researc h groups, do es not ha v e these dra wbac ks; moreo v er, its

149



App endix D

T echnical Addenda

D.1 F eature Space and Kernels

In this section, w e collect some material related to Mercer k ernels and the corresp ondig

feature spaces. If not stated otherwise, w e assume that k is a Mercer k ernel (cf.

Prop osition 1.3.2), and � is the corresp onding map in to a feature space F suc h that

k ( x ; y ) = (�( x ) � �( y )).

D.1.1 The Reduced Set Metho d

Giv en a v ector 	 2 F , written in terms of images of input patterns,

	 =

`

X

i =1

�

i

�( x

i

) ; (D.1)

with �

i

2 R , one can try to appro ximate it b y

	

0

=

N

z

X

i =1

�

i

�( z

i

) ; (D.2)

with N

z

<< ` , �

i

2 R . T o this end, w e ha v e to minimize

� = k 	 � 	

0

k

2

: (D.3)

The crucial p oin t is that ev en if � is not giv en explicitely , � can b e computed (and

minimized) in terms of k ernels, using (�( x ) � �( y )) = k ( x ; y ) (Burges, 1996).

In Sec. 4.4.1, this metho d is used to appro ximate Supp ort V ector decision b ound-

aries in order to sp eed up classi�cation.

D.1.2 Inverting the Map �

If � is nonlinear, the dimension of the linear span of the �-images of a set of input

v ectors f x

1

; : : : ; x

`

g can exceed the dimension of their span in input space. Th us,
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w e need not exp ect that there is a pre-image under � for eac h v ector that can b e

expressed as a linear com bination of the v ectors �( x

1

) ; : : : ; �( x

`

). Nev ertheless, it

migh t b e desirable to ha v e a means of constructing the pre-image in the case where it

do es exist.

T o this end, supp ose w e ha v e a v ector in F giv en in terms of an expansion of images

of input data, with an unkno wn pre-image x

0

under � in input space R

N

, i.e.

�( x

0

) =

`

X

j =1

�

j

�( x

j

) : (D.4)

Then, for an y x 2 R

N

,

k ( x

0

; x ) =

`

X

j =1

�

j

k ( x

j

; x ) : (D.5)

Assume moreo v er that the k ernel k ( x ; y ) is an in v ertible function f

k

of ( x � y ),

k ( x ; y ) = f

k

(( x � y )) ; (D.6)

e.g. k ( x ; y ) = ( x � y )

d

with o dd d , or k ( x ; y ) = � (( x � y ) + �) with a strictly monotonic

sigmoid function � and a threshold �. Giv en an y a priori c hosen basis of input space

f e

1

; : : : ; e

N

g , w e can then expand x

0

as

x

0

=

N

X

i =1

( x

0

� e

i

) e

i

=

N

X

i =1

f

� 1

k

( k ( x

0

; e

i

)) e

i

=

N

X

i =1

f

� 1

k

0

@

`

X

j =1

�

j

k ( x

j

; e

i

)

1

A

e

i

: (D.7)

By using (D.5), w e th us reconstructed x

0

from the v alues of dot pro ducts b et w een

images (in F ) of training examples and basis elemen ts.

Clearly , a crucial assumption in this construction w as the existence of the pre-image

x

0

. If this do es not hold, then the discrepancy

`

X

j =1

�

j

�( x

j

) � �( x

0

) (D.8)

will b e nonzero. There is a n um b er of things that w e could do to mak e the discrepancy

small:

(a) W e can try to �nd a suitable basis in whic h w e expand the pre-images.

(b) W e can rep eat the sc heme, b y trying to �nd a pre-image for the discrepancy

v ector. This problem has precisely the same structure as the original one (D.4), with
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one more term in the summation on the righ t hand side. Iterating this metho d giv es

an expansion of the v ector in F in terms of reconstructed appro ximate pre-images.

(c) W e ha v e the freedom to c ho ose the scaling of the v ector in F . T o see this, note

that for an y nonzero � , w e ha v e, similar to (D.7),

x

0

=

N

X

i =1

� � ( x

0

� e

i

=� ) e

i

=

N

X

i =1

� f

� 1

k

0

@

`

X

j =1

�

j

k ( x

j

; e

i

=� )

1

A

e

i

: (D.9)

(d) Related to this scaling issue, w e could also ha v e started with

� �( x

0

) =

`

X

j =1

�

j

�( x

j

) ; (D.10)

obtaining a reconstruction (cf. (D.7))

x

0

=

N

X

i =1

f

� 1

k

0

@

`

X

j =1

�

j

�

� k ( x

j

; e

i

)

1

A

e

i

(D.11)

with the prop ert y that (D.10) holds if suc h an x

0

exists.

The success of using di�eren t v alues of � or � could b e monitored b y computing

the squared norm of the discrepancy ,










`

X

j =1

�

j

�( x

j

) � � �( x

0

)










2

; (D.12)

whic h can b e ev aluated in terms of the k ernel function.

Finally , w e note that same approac h can also b e applied for more general k ernel

functions whic h cannot b e written as an in v ertible function of ( x � y ). All w e need

is a k ernel whic h allo ws the reconstruction of ( x � y ) | and nothing prev en ts us

from requiring the ev aluation of the k ernel on sev eral pairs of p oin ts for this purp ose.

Consider the follo wing example: assume that

k ( x ; y ) = f

k

�

k x � y k

2

�

(D.13)

with an in v ertible f

k

(e.g., if k is a Gaussian RBF function, cf. (1.28)). Then, b y the

p olarization iden tit y , w e ha v e

( x

0

� e

i

) =

1

4

�

k x

0

+ e

i

k

2

� k x

0

� e

i

k

2

�

=

1

4

�

f

� 1

k

( k ( x

0

; � e

i

)) � f

� 1

k

( k ( x

0

; e

i

))

�

:

(D.14)

The same also w orks if k ( x ; y ) = f

k

( k x � y k ), e.g.: w e just ha v e to raise the results of

f

� 1

k

to the p o w er of 2.

Similar metho ds can b e applied to deal with other k ernels.
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D.1.3 Mercer Kernels

In this section, w e giv e some further material related to Sec. 1.3.

First, w e men tion that if a �nite n um b er of Eigen v alues is negativ e, the expansion

(1.25) is still v alid. In that case, k corresp onds to a Loren tzian symmetric bilinear

form in a space with inde�nite signature. F or the SV algorithm, this w ould en tail

problems, as the optimization problem w ould b ecome inde�nite. The diagonalization

required for k ernel PCA, ho w ev er, can still b e p erformed, and (3.16) can b e mo di�ed

suc h that it allo ws for negativ e Eigen v alues. The main di�erence is that w e can no

longer in terpret the metho d as PCA in some feature space. Nev ertheless, it could still

b e view ed as a t yp e of nonlinear factor analysis.

Next, w e note that the p olynomial k ernels giv en in (1.17) satisfy Mercer's conditions

of Prop osition 1.3.2. As comp ositions of con tin uous functions, they are con tin uous,

th us w e only need to sho w p ositivit y , whic h follo ws immediately if w e consider their

dot pro duct represen tation

( x � y )

d

=

N

F

X

i =1

(�

d

( x ))

i

(�

d

( y ))

i

: (D.15)

Namely , more generally , if an in tegral op erator k ernel k admits a uniformly con v ergen t

dot pro duct represen tation on some compact set C � C ,

1

X

i =1

�

i

( x ) �

i

( y ) ; (D.16)

it is necessarily p ositiv e: for f 2 L

2

( C ), w e ha v e

Z

C � C

 

1

X

i =1

�

i

( x ) �

i

( y )

!

f ( x ) f ( y ) d x d y

=

1

X

i =1

Z

C � C

�

i

( x ) f ( x ) �

i

( y ) f ( y ) d x d y (D.17)

=

1

X

i =1

�

Z

C

�

i

( x ) f ( x ) d x

�

2

� 0 ; (D.18)

establishing the con v erse of Prop osition 1.3.2.

W e conclude this section with some considerations on Prop osition 1.3.3. Is it

p ossible to giv e a more general class of k ernels, suc h that the expansion (1.25) is no

longer v alid, but the mapping of Prop osition 1.3.3 can still b e constructed? One w ould

exp ect that if k do es not corresp ond to a compact op erator (as it did in the case of

Mercer k ernels, cf. Dunford and Sc h w artz (1963); in fact, in the Mercer case, w e ev en

ha v e trace class op erators, cf. Nashed and W ah ba (1974)), with a discrete sp ectrum,

then the mapping (1.26) should no longer map in to an l

2

space, but in to some separable

Hilb ert space of functions on a non-discrete measure space.
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T o this end, let � b e a map from input space in to some Hilb ert space H ,

� : x 7! f

x

; (D.19)

and T � 0 b e a p ositiv e b ounded op erator on H . Moreo v er, de�ne a k ernel

k

T

( x ; y ) := ( f

x

� T f

y

) : (D.20)

Then

� : x 7!

p

T f

x

(D.21)

clearly is a map suc h that

k

T

( x ; y ) = (�( x ) � �( y )) : (D.22)

As an aside, to see the connection to Mercer's theorem, w e ma y formally set f

x

to b e

�

x

, and assume that T is an in tegral op erator with k ernel k . In this case, the righ t

hand side of (D.20) w ould equal k ( x ; y ).

The connection to (1.26) b ecomes clearer if w e use the sp ectral represen tation of

T , and construct a � di�eren t from the one in (D.21): T can b e written as

T = U

�

M

v

U; (D.23)

where v is a con tin uous function with corresp onding m ultiplication op erator M

v

, U is

a unitary op erator

U : H ! L

2

( R ; � ) ; (D.24)

and � is a probabilit y measure (the sp ectral measure of T ) (e.g. Reed and Simon,

1980). Since T � 0, w e ha v e M

v

� 0 and v � 0. Then, for all x and y ,

k

T

( x ; y ) = ( f

x

� U

�

M

v

U f

y

) (D.25)

= ( U f

x

� M

v

U f

y

) (D.26)

= (

q

M

v

U f

x

�

q

M

v

U f

y

) (D.27)

= ( M

p

v

U f

x

� M

p

v

U f

y

) (D.28)

= (�( x ) � �( y )) ; (D.29)

de�ning

� : R

N

! L

2

( R ; � ) (D.30)

�( x ) = M

p

v

U f

x

: (D.31)
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T o see the relationship to (1.26), it should b e noted that the sp ectrum of T coincides

with the essen tial range of v .

F or simplicit y , w e ha v e ab o v e made the assumption that T is b ounded. The same

argumen t, ho w ev er, also w orks in the case of un b ounded T (e.g. Reed and Simon,

1980).

F or the purp ose of practical applications, w e are in terested in maps � and op erators

T � 0 suc h that the k ernel k de�ned b y (D.20) can b e computed analytically .

Without going in to detail, w e brie
y men tion an example of a map � . De�ne

� : x 7! k ( x ; : ) ; (D.32)

where k is some a priori sp eci�ed k ernel, and T = P

�

P , with a regularization op erator

P (Tikhono v and Arsenin, 1977). Then

k

T

( x ; y ) = (( P k )( x ; : ) � ( P k )( y ; : )) (D.33)

coincides with a dot pro duct matrix arising in a k ernel-based regularization framew ork

for learning problems (Smola and Sc h• olk opf, 1997b). If k is c hosen as Green's function

of P

�

P , then k

T

and k can b e sho wn to coincide, and the regularization approac h is

equiv alen t to the SV approac h (Smola, Sc h• olk opf, and M • uller, 1997).

D.1.4 P olynomial Kernels and Higher Order Co rrelations

Consider the mappings corresp onding to k ernels of the form (1.20): supp ose the mono-

mials x

i

1

x

i

2

: : : x

i

d

are written suc h that i

1

� i

2

� : : : � i

d

. Then the co e�cien ts (as

the

p

2 in (1.21)), arising from the fact that di�eren t com binations of indices o ccur

with di�eren t frequencies, are largest for i

1

< i

2

< : : : < i

d

(let us assume here that

the input dimensionalit y is not smaller than the p olynomial degree d ): in that case, w e

ha v e a co e�cien t of

p

d !. If i

1

= i

2

, sa y , the co e�cien t will b e

q

( d � 1)!. In general, if

n of the x

i

are equal, and the remaining ones are di�eren t, then the co e�cien t in the

corresp onding comp onen t of � is

q

( d � n + 1)!. Th us, the terms b elonging to the d -th

order correlations will b e w eigh ted with an extra factor

p

d ! compared to the terms

x

d

i

, and compared to the terms where only d � 1 di�eren t comp onen ts o ccur, they are

still w eigh ted stronger b y

p

d . Consequen tly , k ernel PCA with p olynomial k ernels will

tend to pic k up v ariance in the d -th order correlations mainly .

D.2 Kernel Principal Comp onent Analysis

D.2.1 The Eigenvalue Problem in the Space of Expansion Co e�cients

W e presen tly giv e a justi�cation for solving (3.14) rather than (3.13) in computing the

Eigensystem of the co v ariance matrix in F (cf. Sec. 3.2).
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Being symmetric, K has an orthonormal basis of Eigen v ectors ( �

i

)

i

with corre-

sp onding Eigen v alues �

i

, th us for all i , w e ha v e K �

i

= �

i

�

i

( i = 1 ; : : : ; M ). T o

understand the relation b et w een (3.13) and (3.14), w e pro ceed as follo ws: �rst sup-

p ose �; � satisfy (3.13). W e ma y expand � in K 's Eigen v ector basis as

� =

M

X

i =1

a

i

�

i

: (D.34)

Equation (3.13) then reads

M �

X

i

a

i

�

i

�

i

=

X

i

a

i

�

2

i

�

i

; (D.35)

or, equiv alen tly , for all i = 1 ; : : : ; M ,

M �a

i

�

i

= a

i

�

2

i

: (D.36)

This in turn means that for all i = 1 ; : : : ; M ,

M � = �

i

or a

i

= 0 or �

i

= 0 : (D.37)

Note that the ab o v e are not exclusiv e or -s. W e next assume that �; � satisfy (3.14).

In that case, w e �nd that (3.14) is equiv alen t to

M �

X

i

a

i

�

i

=

X

i

a

i

�

i

�

i

; (D.38)

i.e. for all i = 1 ; : : : ; M ,

M � = �

i

or a

i

= 0 : (D.39)

Comparing (D.37) and (D.39), w e see that all solutions of the latter satisfy the former.

Ho w ev er, they do not giv e its full set of solutions: giv en a solution of (3.14), w e ma y

alw a ys add m ultiples of Eigen v ectors of K with Eigen v alue �

i

= 0 and still satisfy

(3.13), with the same Eigen v alue.

1

Note that this means that there exist solutions

of (3.13) whic h b elong to di�eren t Eigen v alues y et are not orthogonal in the space of

the �

k

(for instance, tak e an y t w o Eigen v ectors with di�eren t Eigen v alues, and add a

m ultiple of the same Eigen v ector with Eigen v alue 0 to b oth of them). This, ho w ev er,

do es not mean that the Eigen v ectors of

�

C in F are not orthogonal. Indeed, note that if

� is an Eigen v ector of K with Eigen v alue 0, then the corresp onding v ector

P

i

�

i

�( x

i

)

is orthogonal to al l v ectors in the span of the �( x

j

) in F , since

 

�( x

j

) �

X

i

�

i

�( x

i

)

!

= ( K � )

j

= 0 for all j; (D.40)

whic h means that

P

i

�

i

�( x

i

) = 0. Th us, the ab o v e di�erence b et w een the solutions

of (3.13) and (3.14) is not relev an t, since w e are in terested in v ectors in F rather than

v ectors in the space of the expansion co e�cien ts of (3.10). W e therefore only need to

diagonalize K in order to �nd all relev an t solutions of (3.13).

Note, �nally , that the rank of K determines the dimensionalit y of the span of the

�( x

j

) in F , i.e. of the subspace that w e are w orking in.

1

This observ ation could b e used to c hange the v ectors � of the solution, e.g. to mak e them

maximally sparse, without c hanging the solution.
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D.2.2 Centering in F eature Space

In Sec. 3.2, w e made the assumption that our mapp ed data is cen tered in F , i.e.

M

X

n =1

�( x

n

) = 0 : (D.41)

W e shall no w drop this assumption. First note that giv en an y � and an y set of

observ ations x

1

; : : : ; x

M

, the p oin ts

~

� ( x

i

) := �( x

i

) �

1

M

M

X

i =1

�( x

i

) (D.42)

are cen tered. Th us, the assumptions of Sec. 3.2 no w hold, and w e go on to de�ne

co v ariance matrix and

~

K

ij

= (

~

�( x

i

) �

~

�( x

j

)) in F . W e arriv e at our already familiar

Eigen v alue problem

~

�
~

� =

~

K
~

� ; (D.43)

with
~

� b eing the expansion co e�cien ts of an Eigen v ector (in F ) in terms of the p oin ts

(D.42),

~

V =

M

X

i =1

~�

i

~

�( x

i

) : (D.44)

W e cannot compute

~

K directly; ho w ev er, w e can express it in terms of its non-cen tered

coun terpart K . In the follo wing, w e shall use K

ij

= (�( x

i

) � �( x

j

)), in addition, w e

shall mak e use of the notation 1

ij

= 1 for all i; j .

~

K

ij

= (

~

� ( x

i

) �

~

�( x

j

)) (D.45)

=

 

(�( x

i
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1

M

M

X

m =1

�( x

m

)) � (�( x

j

) �

1

M

M

X

n =1

�( x

n

))

!

= (�( x

i

) � �( x

j

)) �

1

M

M

X

m =1

(�( x

m

) � �( x

j

))

�

1

M

M

X

n =1

(�( x

i

) � �( x

n

)) +

1

M

2

M

X

m;n =1

(�( x

m

) � �( x

n

))

= K

ij

�

1

M

M

X

m =1

1

im

K

mj

�

1

M

M

X

n =1

K

in

1

nj

+

1

M

2

M

X

m;n =1

1

im

K

mn

1

nj

Using the matrix (1

M

)

ij

:= 1 = M , w e get the more compact expression

~

K

ij

= K � 1

M

K � K 1

M

+ 1

M

K 1

M

: (D.46)

W e th us can compute

~

K from K , and then solv e the Eigen v alue problem (D.43). As

in (3.16), the solutions
~

�

k

are normalized b y normalizing the corresp onding v ectors

~

V

k

in F , whic h translates in to

~

�

k

(
~

�

k

�
~

�

k

) = 1 : (D.47)



D.3. ON THE T ANGENT CO V ARIANCE MA TRIX 161

F or feature extraction, w e compute pro jections of cen tered �-images of test patterns

t on to the Eigen v ectors of the co v ariance matrix of the cen tered p oin ts,

(

~

V

k

� �( t )) =

M

X

i =1

~�

k

i

(

~

� ( x

k

) �

~

� ( t )) : (D.48)

Consider a set of test p oin ts t

1

; : : : ; t

L

, and de�ne t w o L � M matrices b y

K

test

ij

= (�( t

i

) � �( x

j

)) (D.49)

and

~

K

test

ij

=

 

((�( t

i

) �

1

M

M

X

m =1

�( x

m

)) � (�( x

j

) �

1

M

M

X

n =1

�( x

n

)))

!

: (D.50)

Similar to (D.45), w e can express

~

K

test

in terms of K

test

, and arriv e at

~

K

test

= K

test

� 1

0

M

K � K

test

1

M

+ 1

0

M

K 1

M

; (D.51)

where 1

0

M

is the L � M matrix with all en tries equal to 1 = M . As the test p oin ts can

b e c hosen arbitrarily , w e ha v e th us in e�ect computed a cen tered v ersion not only of

the dot pro duct matrix, but also of the k ernel itself.

D.3 On the T angent Cova riance Matrix

In this section, w e giv e an alternativ e deriv ation of (4.10), obtained b y mo difying

the analysis of Sec. 2.1.2 (V apnik, 1998). There, w e had to maximize (2.7) sub ject

to (2.6). When w e w an t to construct in v arian t h yp erplanes, the situation is sligh tly

di�eren t. W e do not only w an t to separate the training data, but w e w an t to separate

it in a w a y suc h that submitting a pattern to a transformation of an a priori sp eci�ed

Lie group will not alter its class assignmen t. This can b e ac hiev ed b y enforcing that

the classi�cation b oundary b e suc h that group actions mo v e patterns parallel to the

decision b oundary , rather than across it. A lo cal statemen t of this prop ert y is the

requiremen t that the Lie deriv ativ es should b e orthogonal to the normal w whic h

determines the separating h yp erplane. Th us w e mo dify (2.7) b y adding a second term

enforcing in v ariance:

� ( w ) =

1

2

0

@

(1 � � )
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`

`

X

i =1

 

w �

@

@ t

�

�
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t =0

L

t

z

i

!

2

+ � k w k

2

1

A

(D.52)

F or � = 1, w e reco v er the original ob jectiv e function; for v alues 1 > � � 0, di�eren t

amoun ts of imp ortance are assigned to in v ariance with resp ect to the Lie group of

transformations L

t

.

The ab o v e sum can b e rewritten as

1

`

`

X

i =1

 

w �
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@ t
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�

�

t =0
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t

z

i

!
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w �
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L

t

z

i

!  

@

@ t

�

�

�

t =0

L

t

z

i

� w

!

= ( w � C w ) ; (D.53)
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where the matrix C is de�ned as in (4.6),

C :=

1

`

`

X

i =1

 

@

@ t

�

�

�

t =0

L

t

z

i

!  

@

@ t

�

�

�

t =0

L

t

z

i

!

>

(D.54)

(if w e w an t to use more than one deriv ativ e op erator, w e also sum o v er these; in that

case, w e ma y w an t to orthonormalize the deriv ativ es for eac h observ ation z

i

). T o solv e

the optimization problem, one in tro duces a Lagrangian

L ( w ; b; � ) =

1

2

�

(1 � � )( w � C w ) + � k w k

2

�

�

`

X

i =1

�

i

( y

i

(( z

i

� w ) + b ) � 1) (D.55)

with Lagrange m ultipliers �

i

. A t the p oin t of the solution, the gradien t of L with

resp ect to w m ust v anish:

(1 � � ) C w + � w �

`

X

i =1

�

i

y

i

z

i

= 0 (D.56)

As the left hand side of (D.53) is non-negativ e for an y w , C is a p ositiv e (not necessarily

de�nite) matrix. It follo ws that for

C

�

:= (1 � � ) C + �I (D.57)

to b e in v ertible ( I denoting the iden tit y), � > 0 is a su�cien t condition. In that case,

w e get the follo wing expansion for the solution v ector:

w =

`

X

i =1

�

i

y

i

C

� 1

�

z

i

(D.58)

T ogether with (2.3), (D.58) yields the decision function

f ( z ) = sgn

 

`

X

i =1

�

i

y

i

( z � C

� 1

�

z

i

) + b

!

: (D.59)

Substituting (D.58), and the fact that at the p oin t of the solution, the partial deriv ativ e

of L with resp ect to b m ust v anish (

P

`

i =1

�

i

y

i

= 0), in to the Lagrangian (D.55), w e get

W ( � ) =

1

2

`

X

i =1

�

i

y

i

z

>

i

�

C

� 1

�

�

>

�

C

�

C

� 1

�

�

`

X

j =1

�

j

y

j

z

j

�

`

X

i =1

�

i

y

i

z

i

C

� 1

�

`

X

j =1

�

j

y

j

z

j

+

`

X

i =1

�

i

: (D.60)
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By virtue of the fact that C

�

and th us also C

� 1

�

is symmetric, the dual form of the

optimization problem tak es the follo wing form: maximize

W ( � ) =

`

X

i =1

�

i

�

1

2

`

X

i;j =1

�

i

�

j

y

i

y

j

( z

i

� C

� 1

�

z

j

) (D.61)

sub ject to (2.14) and (2.15).

The same deriv ation can b e carried out for the nonseparable case, leading to the

corresp onding result with mo di�ed constrain ts (2.22) and (2.23) (cf. Sec. 2.1.3).

W e conclude b y generalizing to the nonlinear case. As in Sec. 2.1.4, w e no w think

of the patterns z

i

no longer as living in input space, but as patterns in some feature

space F related to input space b y a nonlinear map

� : R

N

! F (D.62)

x

i

7! z

i

= �( x

i

) : (D.63)

Unfortunately , (D.59) and (D.61) are not simply written in terms of dot pro ducts

b et w een images of input patterns under �. Hence, substituting k ernel functions for

dot pro ducts will not do. Note, moreo v er, that C

�

no w is an op erator in a p ossibly

in�nite-dimensional space, with C b eing de�ned as in (4.15). W e cannot compute it

explicitely , but w e can nev ertheless compute (D.59) and (D.61), whic h is all w e need.

First note that for all x ; y 2 R

N

,

(�( x ) � C

� 1

�

�( y )) = ( C

�

1

2

�

�( x ) � C

�

1

2

�

�( y )) ; (D.64)

with C

�

1

2

�

b eing the p ositiv e square ro ot of C

� 1

�

. A t this p oin t, metho ds similar to

k ernel PCA come to our rescue. As C

�

is symmetric, w e ma y diagonalize it as

C

�

= S D S

>

; (D.65)

hence

C

�

1

2

�

= S D

�

1

2

S

>

: (D.66)

Substituting (D.66) in to (D.64), and using the fact that S is unitary , w e obtain

(�( x ) � C

� 1

�

�( y )) = ( S D

�

1

2

S

>

�( x ) � S D

�

1

2

S

>

�( y )) (D.67)

= ( D

�

1

2

S

>

�( x ) � D

�

1

2

S

>

�( y )) : (D.68)

This, ho w ev er, is simply a dot pro duct b et w een k ernel PCA feature v ectors: S

>

�( x )

computes pro jections on to Eigen v ectors of C

�

(i.e. features), and D

�

1

2

rescales them.

Note that w e ha v e th us again arriv ed at the nonlinear tangen t co v ariance matrix of

Sec. 4.2.2; this time, ho w ev er, the approac h w as motiv ated solely b y constructing



164 APPENDIX D. TECHNICAL ADDEND A

in v arian t h yp erplanes in feature space, and the nonlinear feature extraction b y the

tangen t co v ariance matrix is a mere b y-pro duct.

T o carry out k ernel PCA on C

�

, w e essen tially ha v e to go through the analysis

of k ernel PCA using C

�

instead of the co v ariance matrix of the mapp ed data in F .

The mo di�cations arising from the fact that w e are dealing with tangen t v ectors w ere

already describ ed in Sec. 4.2.2, hence, w e shall presen tly only sk etc h the additional

mo di�cations for � > 0: here, w e are lo oking for solutions of the Eigen v alue equation

� V = C

�

V with � > � (let us assume that � < 1, otherwise all Eigen v alues are

iden tical to � , the minimal Eigen v alue).

2

These lie in the span of the tangen t v ectors.

In complete analogy to (3.14), w e then arriv e at

`� � = ((1 � � ) K + �I ) � ; (D.69)

and the normalization condition for the co e�cien ts �

k

of the k -th Eigen v ector reads

1 =

�

k

� �

1 � �

( � � � ) ; (D.70)

where the �

k

> � are the Eigen v alues of (1 � � ) K + �I . F eature extraction is carried

out as in (4.25).

W e conclude b y noting an essen tial di�erence to the approac h of (4.11), whic h w e

b eliev e is an adv an tage of the presen t metho d: in (4.11), the pattern prepro cessing

w as assumed to b e linear. In the presen t metho d, the goal to get in v arian t h yp erplanes

in feature space naturally led to a nonlinear prepro cessing op eration.

2

If w e w an t �I also to ha v e an e�ect outside of the span of the tangen t v ectors, w e ha v e to mo dify

the set in whic h w e expand our solutions.
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